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Abs t rac t .  This paper describes a new technique for reducing the com- 
plexity of algorithms, such as those used in digital signal processing~ using 
a genetic algorithm (GA). The method, referred to as expansive coding, 
is a representation methodology which makes complicated combinato- 
rim optimisation tasks easier to solve for a. GA. Using this technique, 
the representation, operators and fitness function used by the GA be- 
come more complicated, but the search space becomes less epistatic, and 
therefore easier for the GA to tackle. This reduction in epistasis (inter- 
action between parameters) is essential if the difficult task of complexity 
reduction is to be successfully achieved. Expansive coding spreads the 
task's complexity more evenly among the operators, fitness function and 
search space. We demonstrate how this technique can be applied to two 
cases of reduction of complexity of algorithms: a multiplier for quater- 
nion numbers, and a Walsh transform computation. We suggest why the 
technique is more successful on the former task than the latter. 

1 Introduct ion 

Expansive coding is a new representation technique which we have devised to 
help solve complexity reduction tasks using a genetic algorithm (GA). 

There have been several applications of GAs to the design of signal processing 
algorithms [4, 8, 13, 15]. These have mostly concentrated on the design of digital 
filters to satisfy particular frequency response templates. In some cases, the GA 
evolves a set of coefficients for a filter of fixed topology, while in other cases the 
GA must determine the complete configuration of the filter (i.e. coefficients and 

topology). 
The topic of the work presented here is a variation on the conventionM al- 

gorithm design task. Conventionally, the function an algorithm must perform is 
specified, and the task of the GA is to find a suitable configuration of processing 
elements which realises this function. Our research has concentrated on algo- 
rithm simplification. In this, we assume that  both the function and a suitable 
configuration (perhaps an "obvious" one) are known. The task of the GA is to 
find alternative configurations which perform the same function, but  are of lower 
complexity. Lower complexity may be measured in any desired way, for exam- 
ple: t ime complexity, component count, total area required, or a combination of 
these. 
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The ease with which a GA can solve such a task depends critically on the 
representation used. The most obvious, direct representations suffer from a high 
degree of interaction among the parameters (or genes). This interaction, known 
as epistasis, presents difficulty for any search algorithm, including GAs [5]. Our 
expansive coding technique introduces some isolation between the different parts 
of the task to be performed, and thereby reduces the interaction between them. 
By lowering the epistasis in this way, the task is made more tractable for a GA. 

This paper describes the application of the expansive coding method to se- 
lected tasks in algorithm optimisation. We first describe the task domain, and 
then explain the expansive coding technique itself. We then show how the tech- 
nique has been applied to two practical tasks: simplifying an algorithm to per- 
form quaternion multiplication, and the derivation of the fast Walsh transform. 
Finally we give our conclusions. 

2 T h e  T a s k  D o m a i n  

Many algorithms common in digital signal processing take the form of Eqn. 1 
where, for a set of N inputs, xl to XN, and a set of M outputs, Yl to YM, 
the output vector, y = (Yl �9 .. YM), is generated by the product of a coefficient 
matrix, a, with the input vector x. 

N 

Yk : ~.~ ajkXj 
j = l  

(1) 

The direct implementation of such an algorithm requires N • M multipli- 
cations, and ( N -  1) x M additions. In many instances, however, elements of 
the coefficient matrix, a, may be related in some way. In this case, some equiva- 
lent computations may be duplicated, giving scope for algorithm simplification. 
For example, the multiplication of two complex numbers, (g + ih) and (x + iy), 
simplistically requires four real number multiplications to form the real and 
imaginary coefficients of the result, [(gx - hy) + i(gy + hx)]. However, this may 
be achieved with only three real multiplications [12] by computing the product 
as, for example, [(gx - hy) + i((g + h)(x + y) - gx - hy)]. 

Here, the four multiplications {gx, hy, gy, hx}  are replaced by the three 
multiplications {gx, hy, (g + h)(x  + y)}. In most cases, however, finding an 
improved computational arrangement is non-trivial. It is difficult because of the 
high degree of interaction between different elements of the coefficient matrix (i.e. 
if one element is changed, then several other elements may also need changing 
in order to compensate). 

3 Expansive Coding 

Expansive coding [2] involves splitting a large, epistatic, task into a number of 
sub-tasks, so that even though high epistasis may remain within each sub-task, 
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epistasis b e t w e e n  sub-tasks is lower. Because the regions of high epistasis are 
localised, they are easier to deal with. 

The steps involved in designing the representation and the GA can be de- 
scribed as follows: 

- Spl i t t ing.  The task is split into sub-tasks, so that any combination of valid 
sub-solutions gives a valid overall solution. Sub-task representations are con- 
catenated together to form a chromosome. 

- Local  constra ints .  These must be placed on each sub-task, to ensure that 
the sub-solutions represented are always valid. They can be enforced by 
using, instead of conventional crossover and mutation, task-specific operators 
which always maintain the validity of a sub-task. 

- Merg ing  a lgor i thm.  The fitness is calculated by attempting to merge the 
sub-solutions into a global solution. Methods for doing this wilt be task- 
specific. The more merging that is successfully carried out, the fewer distinct 
sub-solutions will remain, and the higher the fitness. 

The GA is left with the greatly simplified task of juxtaposing relatively 
weakly-interacting sub-solutions to find the overall solution of highest fitness. 
The search is simplified because the search space is restricted to the space of 
va l id  algorithms. 

To prevent c r o s s o v e r  from disrupting the validity of any sub-solution, it wilt 
often be necessary to restrict crossing sites to lie between sub-tasks. This means 
that the effective number of symbols in the chromosome will be equal to the 
number of sub-tasks. Similarly, . m u t a t i o n  operators will normally work on one 
sub-task at a time~ 

4 T h e  Q u a t e r n i o n  M u l t i p l i e r  T a s k  

Quaternions [11, 14] have f o u r  components, and may be written as q - a + ib + 
jc+kd, where a, b, c and d are real numbers, and i, j and k are the three q u a t e r n i o n  

o p e r a t o r s .  Each of these is anMogous to the complex number operator, i. If two 
quaternions, ql --- (a + ib + jc + kd) and q2 =- (P + iq + jr  + ks) are multiplied to 
give (w + ix + jy + kz), then the components to be computed are: 

w = ( u p  - bq - cr  - d s ) ,  x = (aq  + bp + cs  - d r ) ,  (2) 

y = ( a t  - bs + cp  + dq) ,  z --- (as  + br - cq + dp) .  (3) 

Quaternion multiplication may be viewed as 16 input-output mappings. For 
example, the mapping a -+ w ,  is achieved by multiplying by the value p. This 
can be represented as a linear signal flow graph, as shown in Fig.1. 

This method requires sixteen real-number multiplications. Our task is to 
devise an algorithm which uses fewer than this. 

In Fig. 1~ the result of each multiplication is used only once. However, because 
of redundancy, it is possible to reuse  results, allowing inputs and/or outputs to 
s h a r e  multiplications. A generic circuit arrangement for this is shown in Fig. 2. 
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Fig. 1. Simple quaternion multiplication 
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Fig. 2. Generic circuit for quaternion multiplier 

Here there are n multipliers, which multiply by factors gl,gz,g3.. ,  gn. Each 
of these gains, g~, can be specified by four coefficients, hp(gi), hq(gi), h~(g~) and 
hs(gi), such that  gi = hp(gi)p + hq(gi)q + hr(gi)r + hs(gi)s. Each of the input 
nodes is connected via a set of input links to the input of each multiplier. Each 
input link represents a potential connection between an input node, and an 
adder /subt rac ter  node at the input to a multiplier. Each input link therefore 
represents a connection with a gain in { -1 ,  O, 1}. Similarly, the output  of each 
multiplier is connected to each output  node via an output link, with a gain also 
in { - 1 ,  O, 1}. 
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With this arrangement, it is possible for several inputs to share a common 
multiplier, and also for the output of one multiplier to be shared among several 
outputs. By a suitable choice of input and output link gains, and multiplier 
gains, it is possible to represent a broad class of input/output transfer functions, 
a subset of which will correctly perform quaternion multiplication. The lower 
the value of n, the higher the fitness of the circuit. The question for the GA to 
answer is: What is the minimum value of n, and what gain values are required 
to achieve this? 

Clearly, by analogy with complex multiplication, it is possible to perform 
quaternion multiplication using only 12 multipliers. If the GA can find this 
solution, it will at least demonstrate its competence; if it can improve on this 
solution, it wilt demonstrate its usefulness. 

4.1 Applying a Genetic Algorithm 

If we were to use a direct coding scheme, in which values for input link gains, out- 
put link gains, and multiplier gains were all simply coded into the chromosome, 
there would be a very high degree of epistasis. Changing any multiplier gain 
value can, potentiMly, alter all of the input/output transfer functions. Similarly, 
changing just one link gain value can make a valid solution invalid. So interde- 
pendent are the gains, it is impossible to improve a reasonably good chromosome 
by making small changes to it. No building blocks could ever form, since the fit- 
ness of any sub-group of genes is highly dependent on the values of most of 
the other genes. Expansive coding can be used to overcome these problems, as 
detailed below. 

Spl i t t ing.  The given task is split into sixteen sub-tasks, one for each input/out- 
put transfer function. Each sub-task has S multipliers of its own with which to 
fulfil the correct transfer function. Within the representation, these multipli- 
ers are not shared with any other sub-tasks. For example, the a --~ w transfer 
function, as shown in Fig. 3, has multipliers with gains gawl,ga~2, .o,  gawS, 

S and the mapping is therefore: wa = a ~ = 1  g-w~" The total output is given by 
w = wa + wb + wc + w4. The other 15 mappings are treated in the same way. 

Each multiplier in Fig. 3 can be represented by four gain coefficients, hp, hq, h~ 
and hs (Fig. 5(c)). For simplicity, we assume that each of these will be in 
{-1 ,0 ,  1}. Input and output link gains do not need to be represented explic- 
itly; they can be deduced during the merging phase (see Merging Algorithm, 

below). 

Local  Cons t ra in t s .  Having split the task into sixteen sub-tasks, we now con- 
sider what locM constraints should be applied to each of these. For a sub-task 
mapping input u 6 {a, b, c, d} to output v 6 {w, x, y, z}, the transfer function is 

S S S S 

i=l i=l i=l i=1 
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Fig. 3. Circuit for one sub-task 

Eqns. (2) and (3) give the total gains required in each of the sixteen cases. 
For example, for the a --* w mapping, we require ~ hp(guvi) = 1, ~ hq(guvi) = 
O, ~ hr(g~vi) = O, ~ hs(g~i) = 0. This means that  within each sub-task, the 
sums of the gain coefficients, hp, hq, hr and hs, must be maintained at specific 
values. To achieve this, chromosomes in the initial population are set up with 
valid sums, and the operators used are designed to maintain this validity (see 
Operators, below). 

M e r g i n g  A l g o r i t h m .  The merging algorithm must bring together multipliers 
which have equal gains and compatible input /output  connections. An example 
is shown in Fig. 4. 

a �9 

b �9 

(a) Before Merging 

b 

(b) After Merging 

Fig. 4, Illustration of merging 

In general, there will be several different ways of merging a set of multipliers, 
so to find the optimum merging pattern, an exhaustive search must be done. This 
is a slow process, but fortunately we can use an approximate fitness evaluation 
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method [9, pp138,206]. A greedy algorithm finds an optimal merging pattern in 
most cases, so our GA uses this to determine an approximate fitness for each 
chromosome during a run. Only when the GA has converged, and a solution 
found is the exhaustive search algorithm used to determine the exact fitness. 
After merging, the number of distinct multipliers with non-zero gain is taken as 
the fitness value. The GA must minimise this value. 

Two-Dimensional Chromosome Organisation. Careful organisation of the 
chromosome will allow building blocks to form. A set of sub-solutions is well 
adapted if many of their multipliers can be merged. If they are also close together 
on the chromosome, they can form a building block. Merging can only take 
place between multipliers which share common input or output connections. 
So, a chromosome organisation is needed where sub-tasks are close together if 
they share common inputs, or if they share common outputs. This cannot be 
achieved with a conventional 1-dimensional chromosome, but is easily arranged 
on a 2-dimensional chromosome. 

The most natural organisation is therefore a 4 • 4 array of the sub-tasks, 
(Fig. 5(a)), where each sub-task is represented by S multipliers, (Fig. 5(5)). Each 
row of the array contains sub-tasl~ relating to the same output node. Conversely, 
each column contains sub-tasks relating to the same input node. Since merging 
can only take place between multipliers in the same row or column, it is possible 
for building blocks to form as coherent rows or columns evolve. 

Operators. To avoid creating invalid chromosomes, crossover points are only 
allowed at sub-task boundaries. A 2-D analogy of 2-point crossover is used, with 
the chromosome treated as a torus. 

Mutation is performed by making a small change to a coefficient value of a 
randomly chosen multiplier. Then, an equal and opposite change is made to the 
corresponding coefficient of another multiplier within the same sub-task. The 
effect is to maintain the sums of the gain coefficients, hp, hq, hr and h~, at their 
correct values. 

4.2 Qnaternion Multiplier Results 

The expansive representation scheme was tested using a simple generational re- 
placement GA, based on Goldberg's SGA [9], implemented in Pop- l l  [1]. We 
used a form of linear fitness scaling, similar to sigma truncation [9, p124]. The 
number of reprb~luctive opportunities for the most fit individual in each gener- 
ation was 2.0. We used a crossover probability of 0.8, and mutation probability 
of 0.064 per sub-task. A run was terminated when the population average fit- 
ness, measured over a moving window of a fixed number of generations, stopped 
increasing. 

We used S = 8 for most runs. This gives a chromosome of 1024 bits, and 
a search space of approximately 101~~ valid chromosomes. At the outset we 
were aware of a solution to the task requiring only 12 multipliers. Our approach 
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Fig.  5. Chromosome organisation: (a) 4 • 4 sub-task array; (b) a single sub-task; (c) a 
single multiplier; (d) a single gain coefficient. 
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found a solution with only 10 multipliers. (We subsequently discovered that  a 
10-multiplier solution is already known [7], and is the optimum within the task 
constraints we had used.) The results for different population sizes, averaged 
over 100 runs, are summarised in Table 1. 

Table 1. Percentage of runs finding a lO-multiplier solution 

I 
Pop. Window Evaluations Worst % 
size size per run solution Success 

30 16100 15 mults. 2 
200 60 56600 13 mults. 33 
400 100 147700 13 mults. 58 

The effectiveness of the expansive coding technique is clearly demonstrated. 
Every run produced a solution superior to the obvious 16-multiplier arrangement. 
With larger populations, very good 10-multiplier solutions were found regularly. 
Although many of these were trivial re-arrangements of each other, our GA 
discovered two distinct kinds of solutions, with different structures. 

5 The  Walsh Transform Task 

The Walsh transform is: 

N - 1  n - 1  

1 H (_l)bs(0b:_l_s(u) x~ : ~ Z ~, (51 
i=0  j = 0  

where N is the number of elements, n = log 2 N,  and bk(z) is the kth bit of 
the binary representation of z. (Although the terms may look complicated, the 
YI term expands to •  so it is quite simple in practice.) This is similar to 
the discrete Fourier transform, except that  there are no complex roots of unity 
involved--elements are either added or subtracted. We were interested to see if 
a GA could discover for itself the Fast Walsh Transform, the equivalent of the 
F F T  algorithm. For simplicity, we initially tried a Walsh transform with N = 4. 

Each of the four outputs is just the sum of the four inputs, with some negated, 
and the total divided by 4 to normalise the result, as shown below (division by 
4 will henceforth be ignored): 

X1 =(xl Tx2+x3 +x4)/4, 
X3---(xl-x2+x3-x4)/4, 

x~= (~ + ~  - ~ - x~)14, (6) 

x 4  = (~ 1 - -  X 2 - -  X3-{'-X4)/4 (7) 

Clearly, this can be computed using 6 additions and 6 subtractions. The 
optimum arrangement is well known, and requires only 4 additions and 4 sub- 
tractions, as shown in Fig. 6. 
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Fig. 6. Optimum solution for the Walsh transform task 
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x2 X2 
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Fig. 7. Generic circuit for the Walsh transform task 

A suitable generic circuit is shown in Fig. 7. Here we assume that  we know 
that  two stages of addition will be required. 

As with the quaternion multiplier task, we can split this into sub-tasks, where 
each sub-task consists of one input-output  mapping, with a number of paths 
connecting the input node to the output  node. One such sub-task with four 
paths (S = 4) is shown in Fig.& 

xl 

Fig. 8. One of the Walsh transform sub-tasks 

Xl  

Each path passes through two stages of addit ion/subtraction,  each of which 
may effectively multiply the signal by +1 or - 1 .  Not all paths need be used. 
There are thus five possibilities for each path, which may be represented as: 
{+, +},  { + , - } ,  { - ,  +}, { - , - }  or "not present". Thus each path can be repre- 
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sented in 3 bits, each sub-task in 3 x S bits, and the whole generic circuit of 16 
sub-tasks in 3 • S x 16 bits. 

5.1 Difficulties with Merging 

In some ways this task is much simpler than the quaternion multiplier task--  
which involves multiplication by different coefficients. However, when the ex- 
pansive coding technique is applied, this "simplicity" makes the merging phase 
much harder. The large number of different multiplier gain values in the quater- 
nion task restricts the scope for the merging algorithm to a reasonable size. This 
makes it feasible for the merging algorithm to solve the task of finding the opti- 
mum merging pattern using either a greedy or an exhaustive search. But in the 
Walsh transform task, the basic elements are simply a~lder/subtracter units--  
effectively multipliers with gains of 4-1. In this case, the scope for feasible merges 
is vastly increased, which means that an exhaustive search would take very much 
longer. Similarly, a greedy search would be most unlikely to give a good result. 

At the same time, only a comparatively small chromosome (192 bits for 
S = 4) is required to store the add/subtract polarity values--so the search 
space of the GA is not large. Yet the search space of possible ways to merge 
these sub-tasks is much larger. Clearly, the division of effort between the GA 
and the merging algorithm is out of balance---the GA has a simple task, while the 
merging algorithm has a difficult one. To solve this task effectively, the balance 
must be tipped, giving the GA more of the burden of search. 

5.2 A Two-Chromosome Representation 

The difficult task of merging the sub-tasks can be given to the GA by using a 
two-chromosome representation for each individual. The GA then has the task 
of searching in ~wo search spaces, to find both a suitable set of path polarities, 
and an optimal way to merge them together. 

The second, additional chromosome is arranged as an order-based chromo- 
some. It holds a list of paths in the order in which they must be presented to 
the merging algorithm. To compute the fitness of an individual, the merging 
algorithm simply takes the components specified in the first chromosome, and 
processes them in the order specified by the second chromosome. This procedure 
is analogous to schedule building in a job-shop scheduling GA, where chromo- 
somes represent the order in which jobs are placed by the schedule builder [16]. 

5.3 The Merging Process 

As with the merging carried out in the quaternion multiplier task, two paths 
may be merged if they share common input or common output nodes, and if 
they have compatible polarities. 

The merging algorithm takes the list of paths specified by the second chromo- 
some, and considers the path at the head of the list for merging. An attempt is 



315 

made to merge it with the following path in the list. If this merge is not possible, 
then the path after that  is tried. A maximum number of merge at tempts,  known 
as the lookahead distance, is made. If no merge is possible, then the first path is 
moved to the end of the list. If a merge is possible, the merged paths are placed 
at the end of the list. The new path at the head of the list is then processed. 
This continues until the whole list is traversed without any merges being made. 

After the merging process is complete, we can compute the number of ad- 
ditions and subtractions required by the resultant graph, The (un)fitness of the 
individual is computed by forming a weighted sum. For our investigations, we 
used the following (arbitrary) weights: additions, 3, subtractions, 4. 

5.4 R e p r o d u c t i o n  

Mating involves two parents, each having two chromosomes. One is a two- 
dimensional, value-based chromosome, the other is an order-based chromosome. 
The two chromosomes are crossed over and mutated quite independently. Dif- 
ferent crossover and mutation routines are required for the two chromosomes, 
since they are have completely different structures. There are separate crossover 
probability (pcross) and mutation probability (pmutation) parameters for each 
chromosome. 

The first chromosome has a structure similar to that  used by the quaternion 
multiplier, and the crossover and mutation operators work in the same way. For 
the second chromosome we use uniform order-based crossover [6]. For mutat ion 
we use a type of scramble sub-list mutation [6, pS1]. In this, we choose a con- 
tiguous sub-section of the chromosome, and randomly scramble the order of its 
genes. 

5.5 4 - I n p u t  W a l s h  T r a n s f o r m  R e s u l t s  

We experimented with a variety of crossover probabilities, mutation probabilities 
and population sizes. Like many GA researchers in the past, we found that  no 
parameters are critical, so the GA performs well over a range of parameter  values 
[10]. In our tests we used the performance measuring methods used for previous 
work [3]. 

With S = 4 (4 paths per sub-task), and a lookahead distance of 2, we found 
that  the best results were obtained with a population size of 32, pcross = 0.5 
and pmutation = 0.03 for the first chromosome, and pcross = 0.5 and pmutation 
= 0.2 for the second chromosome. In 100 runs, we obtained an optimum solution 
in an average of 1942 evaluations (• with 95% confidence margin, s tandard 
deviation 1379). By comparison, a random search of the same task space found 
only one solution in 1200 000 evaluations. 

The results we obtained all require only one path per sub-task. Starting with 
4 paths per sub-task, it is clear that the GA must do a significant amount of 
work simply to eliminate the redundant paths. When we ran the GA with fewer 
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paths per sub-task, we found that it converged much more quickly: in only 603 
evaluations ( •  139) with S = 1. 

We also tried increasing the lookahead distance to 4. This gave a further 
speed improvement to 242 evaluations ( •  51). An extension to 6 gave a smaller 
improvement, to 204 (•  55). 

Such a large speedup is worrying. The performance is now so good that  
solutions often appear in the initial population! It therefore seems that  little 
credit can be given to the GA. It seems that  our task representation is so at tuned 
to the task, that  little searching is required. This may mean that the GA is in a 
stronger position to tackle more difficult tasks of the same type. 

5.6  8 - I n p u t  W a l s h  T r a n s f o r m  R e s u l t s  

We ran the GA on a similar Walsh Transform task, but with 8 inputs, and 
64 sub-tasks. Each path has three stages of addition/subtraction, making the 
merging much more complicated. With 4 paths per sub-task (S = 4), we found 
that  the average fitness steadily improved during each run, eventually reaching 
the fitness of a typical,, randomly generated individual with S = 1. But starting 
with S = 1, and using a variety of mutation and crossover rates, population 
sizes up to 512 and lookahead distances up to 8, we found that  the population 
entirely failed to converge. 

The uniform order-based crossover used for the second chromosome was 
found to be largely responsible. When this was replaced with PMX [9], the aver- 
age fitness of the population converged, but still, little improvement in the max- 
imum fitness of the population was observed. The "best" individuals of each run 
showed only trivial merges, with little evidence of a coherent structure emerging. 

We also tried fixing the first chromosome of all members of the population, 
such that  each contained an optimum set of genes throughout each run. In this 
case, the GA only had to search over the second chromosome. However, the 
performance was indistinguishable from before. 

6 C o n c l u s i o n s  

At first sight, expansive coding seems counter-intuitive, since it makes the search 
space larger. The increase in the number of parameters is, however, offset by the 
restriction of the search space to only valid chromosomes. Furthermore, the task 
is made simpler, since the interaction (epistasis) between the elements which the 
GA has to manipulate (the sub-tasks) is reduced. 

With appropriate representation and operators, the inherent complexity of 
a task may be shifted, so that although the fitness decoding function becomes 
more complicated, the GA finds the task easier. In theory, this allows any task to 
be made trivially easy to solve, from the point of view of the GA [17]. This was 
the approach adopted with the quaternion multiplier t a sk- -a  significant amount 
of the search effort was performed by the merging algorithm. 
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With the Walsh transform task, however, the same approach would have 
relied too heavily on the merging algorithm, and not enough on the GA. We 
therefore transferred much of the effort involved in the merging process back 
to the GA. By using two chromosomes, the idea is that the GA solves two 
interrelated tasks (a value-based task and an order-based task) at the same 
time. 

Our initial results with the 4-input Walsh transform task seemed to show 
that this approach had been successful. But further work shows that, primarily, 
all the GA is doing is eliminating the redundancy introduced by having more 
than one path per sub-task. Once the GA has solved this part of the task, the 
representation ensures that a solution is found easily. 

Much the same was found with the 8-input Walsh transform task. The GA 
can successfully eliminate redundant multiple paths. But it has difficulty finding 
solutions much better than a randomly generated population given one path per 
sub-task as a starting point. 

It therefore appears that the introduction of the second chromosome has not, 
in fact, enabled the GA to solve the Walsh transform task. The merging task, 
encoded in the second chromosome, is, by itself, too difficult for our simple GA 
to solve. 

We suspect that this is because the structure of the Walsh transform task 
is, in certain respects, too "simple". In the quaternion multiplier task, there are 
many constraints on which paths can be merged, since there are many possible 
multiplier gain values. This significantly reduces the area of the search space (of 
the merging task) which must be explored--to the extent that even an exhaustive 
search is feasible. However, in the Walsh task, each node is effectively a multiplier 
with a gain of • The constraints on merging are therefore minimal, and almost 
the whole search space the merging task must be considered. This is a large 
search space. For the 8-input Watsh task, with 1 path per sub-task, the first 
chromosome has 256 bits, while the second is twice this size. Consequently, 
whether the merging is performed by a conventional search procedure (as in the 
quaternion task), or by the GA (using a second chromosome), it is a difficult 
task to solve. 

It therefore seems that expansive coding is more useful where each sub- 
task is specified by a large number of bits. This allows a significant proportion 
of potential merges to be ruled out quickly, thereby reducing the amount of 
searching which must be done in the merge space. For example, in the quaternion 
task, each path is specified by 8 bits, whereas in the 4-input Walsh task, each 
path requires only 3 bits to specify it. Hence, for a randomly-distributed set of 
sub-task parameters, there will only be a 1 in 256 chance that two quaternion 
paths would have the same set of parameters, while for the Walsh task, the figure 
is 1 in 8. So the search space which needs to be considered while merging the 
quaternion task is of the order of 32 times smaller. 

A further difficulty of the Walsh task is that the known, optimal solution 
provides such a large improvement over the simple solution--from O(n 2) to 
O(nlogn). This is obtainable because of the high degree of regularity in the 
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task. A relatively "weak" search method, however, which knows nothing about 
this regularity, would be unlikely to find the optimal solution. 

We are currently investigating the application of expansive coding to tasks 
which are more closely related to the quaternion multiplier task, yet are scalable 
in nature.  Our initial investigations into manipulations involving symmetrical 
Toeplitz matrices show that  simplifications, which are far from obvious, can be 
obtained. We are looking into ways of maintaining good performance as task size 
is scaled up. 

GAs are good for tasks of intermediate epistasis [5]. On highly epistatic 
tasks, therefore, a suitable representation and operator set must be found which 
sufficiently reduces the epistasiso The expansive coding technique is one such 
approach. Complexity, in terms of epistasis in the original task, is traded for 
complexity in terms of an increased chromosome size, a more complicated fitness 
function, and the need for task-specific operators. We have therefore split one 
large dose of complexity into three smaller doses--making the task easier to 
tackle. It is important,  however, to maintain a balance of complexity among 
these three areas. If too much complexity is transferred to the fitness function 
(e.g. in the merging), the GA will not be successful. 

Our practical applications of this method show that it can be effective for 
certain types of tasks, so long as the complexity of merging does not become too 

great. 
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