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Abstract

This article presents a comparison of several methods for local
estimation of normal direction, principal curvatures and principal
directions, given a range image as input. Here we take a range
image to be a set of points in 3D space; we also need a definition
for neighbourhoods.

All methods we compare are based on local approximation of
the range image by an analytic surface or curves. Other approaches
to computing curvatures also exist, and some of these are briefly
described at the start of this paper.

Results of using each algorithm to estimate normal direction
and principle curvature on four simulated surfaces (plane, sphere,
cylinder and a trigonometric surface) are presented. In particular,
we discuss stability of the estimates when the data is noisy.

1 Introduction

1.1 Differential parameters in 3D computer vision

Differential parameters such as normals, principal curvatures, and princi-
pal directions can be used in 3D computer vision for solving a variety of
basic tasks, including

Segmentation The initial point set is divided into subsets which have
similar geometric (or other) characteristics.

Surface classification Segmented points can be classified as belonging
to a given surface type, e.g. convex or concave, planar or cylindrical
or spherical, etc.
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Surface reconstruction Differential parameters can help to find the pa-
rameters describing the best-fit surface more accurately than directly
using the measured points.

Registration Differential parameters represent properties which are in-
variant under Euclidean transformations, and are thus of use in al-
gorithms for registration of surfaces.

Thus, algorithms to compute differential parameters are of wide impor-
tance.

Note that the idealised separation of the tasks above is an oversimplifi-
cation. For example, differential parameters can be better estimated from
a fitted surface, but surface fitting needs segmentation to be done first;
however segmentation is typically driven by estimates of the differential
parameters.

An important issue is the stability of the estimation methods and their
dependence on noise in the input data.

1.2 Surface curvature

Further details of the basic concepts of differential geometry required in
this section can be found, for example, in Nutbourne and Martin [12]. A
range image is simply a set of 3D points given as x,y, z coordinates. At
each point, a neighbourhood is defined by a set of edges connecting each
point to those points deemed to be its neighbours. We assume that the
points are sampled from a surface which at least locally can be defined
as r = r(u,v). The normal vector n is a unit vector perpendicular to
the surface. The shape of the surface is described by its first and second
fundamental forms (F, F,G; L, M, N), defined by

dr-dr = Edu®+ 2F dudv + G dv? (1.1)
—dr-dn = Ldu®+ 2M dudv + N dv?

At any point on the surface, we may consider surface curves passing
through that point; locally such a curve lies in some plane intersecting the
surface at that point. Then

Curve curvature k¢ is the curvature of the curve.

Normal curvature £k, is the curvature of any curve lying in an in-
tersection plane which contains the surface normal direction at the given
point. The relation between normal curvature and curve curvature is given
by Meusnier’s theorem:

ke = kycos ¢ (1.3)

where ¢ is the angle between the intersection plane and the surface normal.
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Principal curvatures ky, ks are defined as follows. The normal curva-
ture changes according to the direction of the intersection plane described
above (which may rotate about the surface normal). A given direction
in the tangent plane is chosen and 6 is defined as the angle between this
preferred direction and the intersection plane. For 6 € (0, 7) the function
k, = f(0) has two extrema. These extrema are called the principal cur-
vatures. The normal curvature in any other direction is given by Euler’s
theorem:

k, = ki cos® a + kysin® a, (1.4)

where « is the angle between the direction of k; and the desired direction.

The principal curvatures can be computed from the parameters of the
first and second fundamental forms as the roots of the following quadratic
equation in k:

(EG — F*)k* — (EN —2FM + GL)k + (LN — M?) = 0. (1.5)

Principal directions are those directions in the tangent plane corre-
sponding to principal curvatures. The principal directions are defined by
the roots of

(LF — ME)du® + (LG — EN)dudv + (MG — NF)dv> =0.  (1.6)

Gaussian curvature K is the product of the principal curvatures k1ks.
Mean curvature H is the average of the principal curvatures

(k1 + ko) /2.

2 Survey of estimation methods

2.1 Approximation by an analytic surface

Approximation by an analytic surface is the usual approach to estimation
of differential parameters. An analytic surface is locally fitted to the input
points and the curvatures are computed for this approximating surface —
we suppose that these curvatures give good estimates of the curvatures of
the original surface. Second order surfaces are usually used for approx-
imation, as the quantities to be estimated are second order differential
parameters.

2.1.1 Linear approximation methods

In simple cases, the approximate surface can be obtained by solving an
over-determined system of linear equations. This method is used for ex-
ample by Hamann [6], Krsek [7], and Stokely and Wu [17]. The advantages
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of this approach compared to nonlinear methods are robustness and speed
of computation. It is possible to approximate the original data by various
types of polynomial function. Our experimental results with third and
fourth order surfaces show little advantage over second order surfaces,
which are thus considered in detail below.

2.1.2 Nonlinear approximation and iterative algorithms

Sanders and Zucker [14] describe a nonlinear, iterative algorithm. The
surface is approximated by a second order surface, based on points and
normal direction estimates at these points. The computed normals of the
fitted surface are then used iteratively to fit a better surface. Another
nonlinear method is presented by Sinha and Besl [16], based on B-splines.

2.2 Approximation by curves

Approximation of curves lying in planar sections of the surface can give
faster algorithms for estimation of differential parameters. A circle fitting
method of this type is given in Martin [11]. Such methods first estimate the
curves’ curvatures, and then deduce the surface curvature from Meusnier’s
and Euler’s Theorems.

2.3 Convolution operators

Convolution operators provide another approach, Thiron [19] for example
uses an operator consisting of the difference of Gaussians. Such an op-
erator combines computation of derivatives with a noise filter. A similar
operator is used in Marr’s edge detection method [10]. Such convolution
operators are suitable for depth maps based on a regular grid. They are
often used not to produce differential parameters but to detect structures
such as edges, peaks, etc. This is because smoothing tends to corrupt the
curvature values being estimated (see Fisher [5], for example).

2.4 Discrete curvature methods

These methods are applied directly to triangulated data and are based
on polyhedral metrics. The discrete Gaussian curvature of a vertex in a
triangulation is the angular deficit of the vertex with respect to the sum
of angles ¢, of the adjacent triangles:

w; = 2T — Y ik
k
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Under certain assumptions, the density of >, w; with respect to the area
of the respective portion of the polyhedron gives a good approximation of
the average Gaussian curvature K over this part of the measured surface.
A theoretical description of this approach can be found in Sauer [15].

Similarly the discrete mean curvature 1(e) of an edge e in a triangu-
lation is half the angle between the plane normals of the faces adjacent to
e. The mean curvature measure of a portion U of the triangulated surface
is:

U(U) = _w(e)-length(enU).

Similarly W(U)/area(U) provides a good estimate of the average mean
curvature H over the part of the measured surface which corresponds to
U. (See e.g. Alboul and van Damme [1], Besl [2], Brehm and Kiihnel [4].)

From the mean and Gaussian curvature estimates, H and K, the prin-
cipal curvatures can be computed, but not the principal directions. This
is a quick and robust method when the data is already triangulated.

3 Description of algorithms

We now consider in further detail three particular algorithms evaluated in
the rest of this paper.

3.1 Circle fitting

This method was developed by Martin [11]; we only describe the main
idea here. This method consists of the following steps:

Choose triples of points, each triple having the point at which the cur-
vature is to be found in common, and one other point on either side
of it. For good results, each triple of points should cut the surface
in as transverse a manner as possible.

Fit circles to triples of points, and compute the curvature of each cir-
cle. An elegant method for finding the centre of the circle through
three points can be found in Lépez-Lépez [8]. Finding the radius of
the circle, and hence its curvature, is trivial once its centre is known.

Estimate the normal direction: a surface tangent can be obtained from
each fitted circle. The normal direction is perpendicular to each tan-
gent. Two methods may be used to estimate the surface normal. In
a simple approach, these tangents are taken pairwise, cross-products
computed to give an estimate of normal, and these estimates aver-
aged. Alternatively, a least-squares fit may be used to find the plane
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which most nearly goes through all tangents at once; the estimated
normal direction is the normal of the plane.

Compute each normal curvature from the corresponding curve cur-
vature of each circle using Meusnier’s Theorem.

Find values principal curvatures and directions: a set of directions
in the tangent plane, and normal curvatures in those directions, is
now known. Using Euler’s Theorem, it is possible to find k;, ks and
0y using a linear least-squares method (or again we can solve for
several separate triples of these quantities and average them). Here,
6y is the angle between the first principal direction and an arbitrary
reference direction in the tangent plane.

Special cases must be considered in a practical implementation. When
fitting circles to triples of surface points, a test must first be made to
check if the points lie in a straight line. When computing the principal
directions, a test should be made to check if all normal curvatures are the
same (or almost so).

3.2 Paraboloid fitting

This method is based on approximating the surface by an analytic surface
of second order. A standard approach consists of several steps:

Estimate the normal by locally approximating the data by a plane.

Transform the neighbourhood points into a coordinate system with
origin at the given point and 4z along the normal.

Fit a second order surface in this coordinate system z = f(x,y).

Compute curvatures from the parameters of this analytic surface.

To be able to do this, the data must form a single valued function in a
small neighbourhood of each point.

Our implementation of the algorithm omits the first two steps. The
data are approximated directly by a paraboloid with axis parallel to the
z axis of the measuring machine: we can guarantee that the input data
is a function z = f(z,y) because it is obtained by a physical range finder
from a single view. The resulting computation is faster and results are
comparable to fitting in local coordinates. The fitted second order surface
is given by

z = ax® 4+ bry + cy® +dx + ey + f, (3.1)

where A = [a,b,c,d, e, f] are the parameters of the paraboloid,
[z,y, z] are the coordinates of surface point.
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The coefficients of the paraboloid are obtained by least-squares solution
of an over-determined system of linear equations, given the coordinates of
a set of points in the neighbourhood of the point of interest:

X AT =z, (3.2)
1.e.
x2 P 1 @
1Y Ty 1 b Z1
: =1 (3.3)
132 2 TpYn Tp Yn 1 : Zn

Differential parameters of the surface are then evaluated analytically
from the coefficients of the paraboloid [18].

3.3 Dupin cyclide method

The standard paraboloid method for curvature estimation is biassed since
the second order paraboloid has a curvature extremum at its centre of
symmetry where the surface curvatures are evaluated. This is an unde-
sirable feature especially when used for the estimation of curvatures of
rotational surfaces like cylinders, spheres, and tori which frequently occur
in engineering practice. For example, if the points lie exactly on the sur-
face of a cylinder, the standard best fit paraboloid method clearly gives a
larger curvature than that of the cylinder.

A natural idea would be to improve the approximation by fitting the
best cylinder touching the first order approximation plane at the given
point, but this does not give correct curvature estimates at non-parabolic
points. However if we know the value £ of one of the principal curvatures,
we can transform the problem of finding the other into one of fitting a
cylinder.

Let us transform the points in the neighbourhood into a cylindrical
coordinate system, the z axis of which is the estimated normal of the
surface and the origin is the point of interest. (The paraboloid fitting
method is used for estimating the normal direction in the tests described
below.) We fix an arbitrary reference direction in the tangent plane. Thus
the coordinates of the points are triplets (r, c, z) where r is the the distance
from the origin; « is the angle between a plane containing the point and
the z axis, and the reference direction; z is the height above the tangent
plane.

Now compute an inversion with pole at (0,0, 1/k) and radius 1/k. The
formulae for the inversion are:

4r

5 Ak _
r=rkne) r2k2 4 (zk — 2)°
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a = a(a) =« (3.4)
2k (r? 2y —4
2= (k) = HTHZT)—dz
r2k? + (zk — 2)

Under this transformation curvatures change in such a way that if the two
original principal curvatures are

kl = ]i],
by = k—h (3:5)
then the principal curvatures of the inverted surface are 0 and h. At the
same time principal directions are preserved (see e.g. [20].) We can now
find the best fit cylinder for the inverted set of points and get back the
original principal curvatures using Equation 3.5.

z

FIGURE 1. (r,a,z) system of coordinates and cylinder parameters

To find the best fit cylinder we use the following parameterization. Let
its radius be 1/h. Its axis is parallel to the tangent plane, it intersects the
z axis at the point (0,0,1/h), and it makes an angle 7 with the reference
direction e. The distance of a point (7, @, 2) from the surface of this
cylinder is

szﬂmﬁﬁ—®+<h—%2—h (3.6)
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In order to avoid singularities and to eliminate the square root we use the
approximation

7 _ho o A~y 22\ o
d_d—i_T_i(T sin (T—a)+z>—z (3.7)
instead of d. This is close to d when d is small (see [9]).

Finally, we now consider k as a variable in a non-linear least squares
problem where we have to minimise

S" & (k, b, T, Ty, 5) (3.8)

where d and (7, @, 2) can be computed by Equations 3.7 and 3.4. Note that
unlike the computation in Equation 3.6 these expressions are non-singular
even if k£ or h tend to zero. Initial values for k, h and 7 can be computed
by any linear method, such as the standard paraboloid algorithm. Non-
linear optimisation can be performed by the Gauss-Newton or Levenberg-
Marquardt methods (see [3]).

Since the inverse image of a cylinder is a Dupin cyclide, it is worth
noting that geometrically this method searches for the best local fit surface
within a three-parameter family of Dupin cyclides. This family is “rigid”
enough to reproduce “exactly” the curvatures of cylinders, spheres and
tori.

4 Test results

4.1 Test data and methods

A plane, sphere, cylinder and trigonometric surface were used as test sur-
faces. Artificial data were generated by sampling these surfaces to simulate
range images obtained by a laser plane range finder. Each test image con-
tains 121 range points in a rectangular grid, spaced 10 units apart, parallel
to the z-y coordinate plane. This simulates sampling of the surface by rays
parallel to the z axis. (A real laser plane range finder may not exactly
have a parallel beam of rays but such test data are a good approximation
for small z.). (The unit of length specified helps us to define the relation
between grid size and noise.)
The test surfaces can be described as z = f(x,y); these are:

A plane defined by

r=u, y=v, z=0, u,v € {0..100}. (4.1)
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Spheres defined by
r=u, y=v, z=/(r2—u*—0v?),  wve{-50.50} (4.2)

Spheres with different radii » € {100, 200, 300, 400, 500, 600, 700, 1000}

were tested.

A cylinder defined by

r=u, y=v, 2= \/(rQ — (usina — v cos a)?,

u,v € {—50..50}, (4:3)

A cylinder with axis at an angle o = 15° to the x axis and radius
r = 100 was used.

A trigonometric surface defined by

x = 100u, y = 100v, z = 30 cos(2mu) cos(mv) (4.4)
u,v € {—0.5..0.5}. '

Gaussian noise with the same distribution was added independently to
all three point coordinates. This only gives a good simulation of real range
data if the resolution of each of the axes is the same. A range of standard
deviations was used corresponding to {0.05,0.01,0.02,0.03,0.05,0.1,0.2,
0.3,0.5,1,2,3,5} units. The maximum value corresponds to half the raster
spacing of the surface under test.

4.2 General results

Figure 2 shows how the standard deviation of principal curvature estimates
varies in accordance with added noise, using the paraboloid algorithm.
The standard deviation increases linearly with noise over the range of
noise tested. The standard deviation of mean curvature varies in a similar
way. Thus, in the rest of the tests, the algorithms are assessed by error in
mean curvature.

Figure 3 shows the average error in principal curvature estimates, as
the dependence of the mean value obtained with respect to Gaussian noise.
The error of estimation of the normal is shown as the average error angle
in Figure 5 (a) and the maximum error angle in Figure 4 (a). Figure 4 (b)
shows maximal error of computed principal direction.
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4.3 Comparison of algorithms

The three algorithms described earlier are compared in this section using
the test surfaces defined previously. The algorithms are denoted by A, B, C
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in the figures: A Circle Fitting Method, B Paraboloid Fitting Method, C
Dupin Cyclide Method. The results are shown in pairs of figures. In each
pair, the first, (a), presents angular error in estimate of normal direction
and the second, (b), presents error in mean curvature estimate. For the
Dupin cyclide method, the estimate of normal direction was obtained from
paraboloid fitting.

The results obtained depend on the surface from which data has been
sampled. Figure 6 and 7 show systematic errors in the paraboloid fitting
method (even for a range image without noise). The sphere and cylinder
are not accurately representable by a paraboloid surface. All tested al-
gorithms have problems with estimation of differential parameters on the
trigonometric surface — see Figure 8.

The final Figure 9 shows the dependence of results with radius of the
spherical surface using surfaces with low noise (standard deviation 0.1
units). The systematic error decreases with increased radius. Spheres
with bigger radii are more similar to planes, for which the algorithms do
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5 Conclusions

We have outlined three algorithms for estimating differential parameters of
surfaces from range data. The results show that each algorithm has certain
advantages and that there is no easy way to choose the best algorithm.
Important attributes of each method are as follows:

Circle Fitting Method This is the fastest algorithm. It is quite ac-
curate. The algorithm needs a minimum of 4 points and more
practically 7 points to form a neighbourhood for estimation. The
approximation model is a circle.

Paraboloid Fitting Method This is slower than circle fitting but more
accurate on noisy data. The approximation model is a paraboloid.
There is thus a systematic error when a sphere or cylinder is approx-
imated. The algorithm needs at least 6 points for estimation.

Dupin Cyclide Method This method is the slowest of the tested meth-
ods. The accuracy of the estimation depends on the estimate of nor-
mal direction, but the accuracy is usually better than for the other
two algorithms. Poor performance for the trigonometric surface is
probably due to poor normal estimates used as input for the method.
A neighbourhood of 8 points is necessary for estimation.

We should note that none of the methods needs the points to be on a
regular grid.

All these methods were implemented directly in MATLAB or as C++
procedures called from MATLAB. Such an implementation does not give
a good basis for direct comparison of computation speeds.
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ing grants: European Union Copernicus CP941068, Czech Min-
istry of Education VS96049, Grant Agency of the Czech Republic
102/97/0480 and 102/97/0855, Hungarian National Science Re-
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