IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 19, NO. 3, MARCH 2008

397

Global Exponential Stability of Bidirectional
Associative Memory Neural Networks
With Time Delays

Xin-Ge Liu, Ralph R. Martin, Min Wu, and Mei-Lan Tang

Abstract—In this paper, we consider delayed bidirectional as-
sociative memory (BAM) neural networks (NNs) with Lipschitz
continuous activation functions. By applying Young’s inequality
and Hélder’s inequality techniques together with the properties of
monotonic continuous functions, global exponential stability cri-
teria are established for BAM NNs with time delays. This is done
through the use of a new Lyapunov functional and an M -matrix.
The results obtained in this paper extend and improve previous re-
sults.

Index Terms—Bidirectional associative memory (BAM) neural
networks (NNs), global exponential stability, Lyapunov func-
tionals, Young’s inequality.

I. INTRODUCTION

EURAL networks (NNs) have many important applica-
Ntions. Delayed versions of NNs have also proved to be im-
portant for solving certain classes of motion-related optimiza-
tion problems. Various results concerning the dynamical be-
havior of NNs with delays have been reported in [1]-[9]. Since
Kosto [10] introduced bidirectional associative memory (BAM)
NN, researchers have paid particular attention to the stability
analysis of BAM NN with time delays, as such NNs have been
shown to be a useful network model for applications in pattern
recognition, optimization, and automatic control (see, for ex-
ample, [11]-[18]). Various sufficient conditions have been pre-
sented for the stability of BAM NNs, most of which require that
the activation functions are bounded and Lipschitz continuous.
Arik [19] studied global asymptotic stability of BAM NNs with
time delays, and presented a sufficient condition for unique-
ness and global asymptotic stability of the equilibrium point.
However, his analysis requires that the activation functions and
signal propagation functions are bounded and Lipschitz contin-
uous. Furthermore, he did not study global exponential stability
of BAM NNs.
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Global asymptotic stability of a BAM NN only guarantees
that the solution of the BAM NN converges to the equilibrium
point and says nothing about the rate of convergence of the so-
lution to the equilibrium point. Global exponential stability en-
sures exponential convergence of the BAM NN to its equilib-
rium point. In practice, applications of NNs with time delays
often require that the network has a unique equilibrium point
which is globally exponentially stable, if the network is to be
suitable for solving problems in real time. Furthermore, in the
case of globally exponentially stable BAM NNs with delays, it
is easier to make a quantitative analysis, and thus to determine
the convergence behavior of the delayed BAM NN, such as its
convergence rate and its precision.

This paper thus considers global exponential stability of
BAM NNs with constant time delays. We do not assume that
the activation functions and signal propagation functions are
bounded. Several new sufficient criteria are derived for the
existence, uniqueness, and global exponential stability of the
equilibrium point of BAM NN, by constructing a suitable Lya-
punov functional, introducing a real parameter, and applying
Young’s inequality, Holder’s inequality, and the intermediate
value theorem of continuous functions. Our new results extend
and improve earlier results in [19]-[21].

II. PRELIMINARIES

A. Definitions and Assumptions

The dynamic behavior of a BAM NN with constant time de-
lays is described by the following set of differential equations:

w;(t) = — piui(t)) + Z w;j fi(zi(t — 7i;)) + L

n

5() = = q;(z (1)) + Y vjigi(uwi(t —o5)) + J; (1)
i=1
where: =1,...,nandj =1,...,m.

The BAM NN model given in (1) can be regarded as an NN
with two layers. 7 is the number of neurons in the first layer and
m is the number of neurons in the second layer. ¢ > 0 stands
for time. u;(t) and z;(t) represent the activations (i.e., states)
of the ¢th neuron in the first layer and jth neuron in the second
layer at time ¢, respectively. w;; and v;; are the synaptic con-
nection strengths between the neurons in the two layers, while
f; and g; represent the activation functions of the neurons and
the signal propagation functions, respectively, as in [19]. In the
first layer, the state u;(t) of neuron 7 is dependent on an external
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constant input /; and other inputs determined by the outputs of
the neurons in the second layer via activation functions f;; in
the second layer, the state z;(t) of neuron j depends on an ex-
ternal constant input J; and inputs determined by the outputs of
the neurons in the first layer via the activation functions g;. p;
and g; are differentiable real functions with positive derivatives
defining the neuron charging time. 7;; > 0 and o; > 0 repre-
sent constant time delays; ¢ = 1,...,nandj =1,...,m.

The initial conditions of the BAM NN given in (1) are as-
sumed to be

T = max{7;}
1,7

o = max{0j;}
9

in which the initial value functions ¢} (¢) and v¥ () are contin-
uous functions on [—7, 0] and [—a, 0], respectively.
In order to allow comparison of our results with previous re-
sults in the literature, we introduce the following assumptions.
Assumption 1: f;(¢) and g;(¢) are bounded real functions,
i.e., there exist positive constants L; and M; such that for all
(ER

1O < L gi(Of < M.

Assumption 2: The activation functions and the signal prop-
agation functions are Lipschitz continuous, i.e., there exist pos-
itive constants «; and (3; such that for all (1,(2 € R

Ifi(C1) = fi(G2)] £ B¢ — ¢
19:(C1) — gi(C2)| < i|C1 — G-

In this paper, we assume

pi(0)
q;(0) =

; = inf ’ >0,
a; Clngl(C)

0
b; = inf ¢’ 0, 0
j = inf ¢(0) >0,

Let C; = C([—,0], R™) be the Banach space of continuous
functions which maps [—, 0] into R™ with the topology of uni-
form convergence. For any ¢* € (1, we define the r-norm of
©* to be

lle*|l- = sup

n 1/r
Sieior]
—7<6<0 |
where r > 1 is a constant. For simplicity, we usually denote the
r-norm || - ||, just by || - ||. A similar r-norm can be defined on
the Banach space Cy = C([—0,0], R™).
We now explain other basic concepts needed in this paper.
Definition 1: Let f : R — R be any continuous function.
The upper right Dini-derivative D7 f is defined to be
f(t+h) = f(#)

DT f(t) = limsup *
h—0+ h

Definition 2: Let ) be areal n X n matrix with elements Q;;
satisfying Qs > 0,4 =1,...,n,and @;; < 0 for ¢ # j. Then,
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Q is said to be a nonsingular M -matrix if the real part of every
eigenvalue of () is positive.

Definition 3: Suppose we are given the BAM NN in (1).
A vector (u*,2*) = (uf,...,ul,2¥,...,2}) is said to be an

equilibrium point if it satisfies

pi(u}) = wiifi(z})+ L, i=1,...n
7=1

() =Y vig(u)+J;,  j=1...,m (2
=1

Definition 4: The aforementioned equilibrium point is said
to be globally exponentially stable if we can find an r > 1 such
that there exist constants e > 0 and M > 1 such that for any
t>0

1/r
D i) —uil" Y [zt - 25
i=1 j=1
< M(Jl¢" = || + (|9 = 2" [)e™="

Definition 5: Amap H : R — R™ is a homeomorphism of
R™ onto itself, if H € C°, H is one-to-one, H is onto, and is
the inverse map H~! € C°, where C? represents the set of all
continuous functions from R" to R".

B. Basic Lemmas

In this section, we start with some lemmas related to nonsin-
gular M -matrices. Let ) be an n X n matrix with nonpositive
off-diagonal element. () is a nonsingular M -matrix in only the
following cases [22].

Lemma 1: @ is a nonsingular M -matrix if there exists a pos-
itive vector £ > 0 (i.e., with every element positive) such that
Q¢ > 0.

Lemma 2: () is a nonsingular M -matrix if there exists a pos-
itive diagonal matrix D, i.e., with each D;; > 0, such that QD
is strictly row diagonally dominant, i.e.,

1=1,...,n.

QiiDii > Z Dj;| Qi1

J=1j#i

Lemma 3: (Q is a nonsingular M -matrix if there exists a posi-
tive diagonal matrix D such that Q7 D is strictly row diagonally
dominant.

If we set D to a unit matrix in Lemmas 2 and 3, we readily
obtain Fact 1.

Fact 1: If Q is strictly row (or column) diagonally dominant,
then @ is a nonsingular M -matrix.

To prove our main result, the next four lemmas are needed.

Lemma 4: 1If H(z) € C° and satisfies the following condi-
tions:

1) H(z) is injective on R™;

2) | Hlin}i_ |H(z)|| = +o0;
then H (z) is a homeomorphism of R" [23].
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Lemma 5: Assume thata > 0,56 > 0,p > 1,and 1/p +
1/q = 1. Then, the following inequality, Young’s inequality
[12], holds:

1 1
ab < —aP + -b7.
p q
Clearly, if a = 0 or b = 0, this extended version of Young’s
inequality still holds.

Lemma 6: If p > 1 and 1/p 4+ 1/q = 1, then the following
inequality, Holder’s inequality, holds:

1/p

n n n
> lagbil < (D lasl? > b
j=1 J=1 J=1

Lemma 7: Assume thatt > 0,6 > 0,0 >0,and f: R — R
is a continuous function. Then, the following inequality holds:

/ 98ds/ |dv<6/

where 7 is a positive constant.

Proof: Let D1 = {0<s<t,s—6<wv<s}and Dy =
{=6 <wv<t,v<s< v+ 6} No matter whether 0 < ¢ < 6
ort > 6, we have D1 C D>. So

11+6

/"*ds/ |dv</dv/
11+6

<[ f

_6/6| ( )|’I’ 6(”+5)d’l}.

1/q

|r 0(v+6)dv

3)

|r GQdS

|r o( v+6)ds

“
[

III. GLOBAL STABILITY ANALYSIS

In this section, we present a new sufficient condition which
guarantees the existence, uniqueness, and global exponential
stability of the equilibrium point of the system given in (1).

Throughout this paper, we use the notation a~"

diag(a;r,...7a;”), Ca— diag(ﬂf”7...7ﬂ;l”), A
diag(af,...,ay), and B" = diag(b7,...,b.,); W" is an
m X n matrix with W7, = |w;;[" and V" is an n X m ma-
trix with V7 |vji|", where » > 1,4 = 1,...,n, and
7 =1,...,m. We write
nm—rBrﬂ—r —Wr
Q= -vr mn~"A"a™" )

Theorem 1: The BAM NN given in (1), under Assumption 2,
has a unique equilibrium point which is globally exponentially
stable if there exists anumber r > 1 such that () is a nonsingular
M -matrix (using the same notation as before).

The proof of Theorem 1 is given in the Appendix.
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Since global exponential stability implies global asymptotic
stability, we can obtain the following results.

Corollary 1: The BAM NN given in (1), under Assumption 2,
has a unique equilibrium point which is globally asymptotically
stable if there exists anumber r > 1 such that () is a nonsingular
M -matrix (again, using the same notation).

Remark 1: If we set r = 2, p;(u;(t)) = a;u;(t), and
q;(zj(t)) = b;z;(t) in Corollary 1, Corollary 1 becomes the
same as [19, Th. 1]. However, using our methods, Corollary 1
does not require Assumption 1 to hold. Thus, [19, Th. 1] is a
special case of Corollary 1 here. Furthermore, in this setting,
Theorem 1 in our paper shows that the BAM NN is globally
exponentially stable if it satisfies the same conditions as for
[19, Th. 1]. Therefore, Theorem 1 in our paper is a stronger
version of the result in [19].

Since strictly row (or column) diagonally dominant matrices
are nonsingular M -matrices by Fact 1, it is easy for us to obtain
the following further corollary.

Corollary 2: The BAM NN given in (1), under Assumption 2,
has a unique equilibrium point which is globally exponentially
stable if there exists a number > 1 such that @ is strictly
row (or column) diagonally dominant (again, using the same
notation).

The result of Corollary 2 is important as it allows us to impose
constraint conditions on matrices W" and V" independently of
each other, whereas checking whether () in Theorem 1 is a non-
singular M -matrix requires the establishment of a relationship
between the elements of matrices W™ and V.

IV. COMPARISONS AND EXAMPLES

In this section, we compare our results with previous results
in the literature, which are restated in the following.

Theorem 2 (From [20]): Under Assumptions 1 and 2, the
equilibrium point of the NN defined by (1) with p;(u;(t)) =
a;u;(t) and ¢;(2;(t)) = bjz;(t) is globally exponentially stable
if there exist constants A; > 0 and ; > 0 such that

m m
Y NiBjlwi| + Y piailviil <2a:)

j=1 j=1
D o AiBjlwigl D mjailvgi| <265
i=1 i=1

Theorem 3 (From [21]): Under Assumptions 1 and 2, the
equilibrium point of the NN defined by (1) with p;(u;(t)) =
a;u;(t) and ¢;(z;(t)) = bjz;(t) is globally exponentially stable
if the following conditions hold:

m
> Bilwij| <a;
j=1
n
Z ai|v]~i| < bj.
i=1

Theorems 1-3 provide different sufficient conditions for the
global exponential stability of the BAM NN in (1) even if we set
Di (ui (f)) = a;U; (t) and q; (Zj (t)) = ijj (t) Note that the acti-
vation functions and signal propagation functions in Theorems
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2 and 3 are required to be bounded and Lipschitz continuous.
However, Theorem 1 only requires the activation functions and
signal propagation functions to satisfy the Lipschitz condition.
The assumption in Theorem 1 is weaker than those in Theorems
2 and 3.

To further illustrate the differences between these three
criteria, we analyze the stability of the BAM NN given in
Example 1 using these three criteria and compare the ranges of
permissible synaptic connection strengths w;; and v;; when we
use these three criteria to design a BAM NN which is globally
exponentially stable.

Example 1: Consider the following first-order BAM NN:

—u(t) +wg(z(t—71))+1
z2(t) +vg(u(t — o))+ J

with [g(C1) — g(C2)| < [¢1 — Cof forall (1, (2 € R.
Theorems 2 and 3 cited previously and [19, Th. 1] are not

directly applicable to this example unless the function g is
bounded or the equilibrium point exists.

Arik [19] only shows that this BAM NN is globally asymp-
totically stable when |w||v| < 1 under the strict assumption
that g is bounded. The criterion for global asymptotic stability
derived by Arik [19] cannot be applied to analyze the global
exponential stability of this BAM NN. However, using our The-
orem 1, we find that this BAM NN is globally exponentially
stable when |w||v| < 1 for any » > 1 even if the function g
is unbounded. Since the boundedness requirements of the acti-
vation functions and signal propagation functions are removed,
Theorem 1 is not as restrictive as that in [19]. Since global ex-
ponential stability implies the global asymptotic stability, this
BAM NN is also globally asymptotically stable when the func-
tion g is unbounded. Therefore, our result improves the criterion
for globally asymptotical stability derived by Arik [19] for this
particular example.

Using [20, Th. 2] and Lemma 1, the equilibrium point of this
first-order BAM NN is globally exponentially stable if |w| +
|v] < 2. Now, if |w| + |v| < 2, then 2+/|w||v| < |w| + |v| < 2,
i.e., |lw||v] < 1. The condition |w]|v| < 1 is weaker than the
condition |w| + |v| < 2. Note that Theorems 1 and 2 provide
different sufficient conditions. For global exponential stability
of this first-order BAM NN, [21, Th. 3] requires that |w| < 1
and |v| < 1. Obviously, the condition |w||v| < 1 is weaker than
the conditions |w| < 1 and |v| < 1. Again, note that Theorems
1 and 3 give different sufficient conditions.

Next, we consider the stability and numerical simulation of
the following BAM NN with unbounded activation functions
and signal propagation functions.

Example 2: Consider the following BAM NN:

)+ Zwufj z;(t
) + Zvﬂm ui(t

TU)) +1;

zi(t) = — q;(z(t —0ji) +J;
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where ¢ = 1,2, 7 = 1,2, and the activation functions f; and
signal propagation functions g; are unbounded and satisfy Lip-
schitz conditions

1f1(¢1) = f1(G)] <G = Gl
|f2(C1) = fa(C2)] <4|¢1 — o
l91(¢1) — 91(¢2)] <£2[¢1 — (ol
192(C1) = 92(C2)| < 3|1 — Cal

wy; =0.4673 wi2 = 0.100 wy; = 0.20
v11 =0.5170 w12 = 0.210 w9y = 0.15
woo =1.0084 w9y = 1.203

and

p1(¢) =
n(¢) =

Since the activation functions f; and signal propagation func-
tions g; in this BAM NN are unbounded, the conditions in The-
orems 2 and 3 cannot be satisfied; so, these two global expo-
nential stability criteria cannot be applied to analyze the global
exponential stability of this BAM NN. Theorem 1 in [19] also
cannot be applied to the global asymptotic stability analysis of
this BAM NN. The Lipschitz constants for activation functions
f; and signal propagation functions g; can be determined to
be a; = 2, a2 = 3,61 = 1, and B2 = 4. Since p;(¢) and
¢;(C) are differentiable functions, we have p}({) > a1 = 4.5,
Ph(C) > an = 4.75, 4 (C) > by = 4.8, and g5(C) > by = 4.6.
Using Theorem 1, we may set 7 = 1.5 such that the following
matrix:

5+ 0.5s8in ¢ p2(¢) = 5¢ + 0.25sin
5+ 0.2cos¢  ¢2(¢) = 5¢ + 0.4cos(.

7.4361 0 —0.3194 —0.0894

. 0 55.8100 —0.0316 —1.0126
@= —0.3717 —0.0581 19.0919 0

—0.0962 —1.3195 0 38.0371

is a nonsingular M -matrix. In fact, the eigenvalues of the
matrix @ in Theorem 1 are 7.4257, 19.1020, 37.9625, and
55.8849—they are all positive. Therefore, the BAM NN given
in Example 2 has a unique equilibrium point which is globally
exponentially stable.

For numerical simulation, let I1 = I, = J; = J5 = 0.00001
and the delay parameter 7 = ¢ = 0.2. The initial condi-
tions of the BAM NN given in Example 2 are assumed to be
¢7(t) = 0 and 9} (t) = 0 for —0.2 < ¢ < 0. Fig. 1 depicts
the time responses of state variables with step h = 0.01. It con-
firms that the proposed criterion leads to the unique and glob-
ally exponentially stable equilibrium point (uf,u}, 27, 23) =
(—0.0758, —0.6331, —0.1686, —0.6561).

Remark 2: The BAM NN model, an extension of the unidi-
rectional autoassociator of Hopfield [24], was first introduced
by Kosko [10]. Although the BAM NN model given in (1) can
be mathematically regarded as a Hopfield-type NN with dimen-
sion n + m or a Cohen—Grossberg NN with dimension n + m,
it has many special properties due to the particular structure of
the connection weights, and has practical applications in storing
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Fig. 1. Transient response of state variable u; and z;.

paired patterns or memories. By constructing proper vector Lya-
punov functions, using M-matrix theory and qualitative prop-
erty of the differential inequalities, Zhang [25] established the
sufficient conditions for global exponential stability of the equi-
librium point for Cohen—Grossberg NNs in which the activation
functions are unbounded. However, when r > 1, Theorem 1 is
different from the result obtained by combining [25, Th. 2] with
[25, Th. 1]: Theorem 1 is not a corollary of [25, Th. 1 and 2].
Remark 3: Using fixed-point theorem in Banach space and
differential inequality techniques, Zhao [26] obtained new suf-
ficient conditions ensuring the global exponential stability and
existence of periodic solutions for cellular NNs with variable de-
lays. By employing homeomorphism theory and the inequality
ad g b < (1/r)>0 qiby+ (1/r)a” witha > 0, by, > 0,
qr > 0,and Z:’Il qr = r— 1, Zhao and Cao [27] derived some
important conditions ensuring the existence and uniqueness of
the equilibrium point, and its global exponential stability, for
cellular NNs with constant delays and without assuming bound-
edness for the signal functions. Furthermore, using the same in-
equality in [27] and further ideas, Zhao [28] presented other new
criteria ensuring global exponential stability and existence of
periodic oscillatory solutions of BAM NN with constant delays.
By introducing ingenious real parameters, employing suitable
Lyapunov functionals, and applying contracting mapping, Zhao
and Wang [29] gave a set of novel sufficient conditions ensuring
the existence, uniqueness, and global exponential stability of pe-
riodic oscillatory solutions of a class of reaction—diffusion NNs
with constant delays and time-varying coefficients. In this paper,
however, we have only investigated the existence, uniqueness
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of equilibrium point, and global exponential stability of BAM
NNs using an M -matrix, Young’s inequality, and Holder’s in-
equality, instead of the inequality used in [27]. The sufficient
conditions obtained in this paper are different from those in [27].

V. CONCLUSION

The main contribution of this paper is a result that ensures
the existence, uniqueness, and global exponential stability of
the equilibrium point of BAM NNs with time delays, without
assuming that the activation functions and signal propaga-
tion functions are bounded. New sufficient conditions for
ascertaining global exponential stability, i.e., Theorem 1 and
Corollary 2, have been derived for BAM NNs, improving and
extending previous work.

APPENDIX
PROOF OF THEOREM 1

We here prove Theorem 1.

Proof: We consider here the case when r > 1, using a
sequence of three steps. The case » = 1 can be directly proved
in three similar steps, but in which we use a simple computation
(omitted here) instead of Young’s inequality.

If (u*, z*) is an equilibrium point of the BAM NN given in
(1), then (u*, z*) satisfies (2).
Let

H(u,z): R**™ — Rt (6)
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where
H(u,z) = (Hi(u,2), ..., Hpym(u,2))
with
Hi(u,z) = —pi(ui) + Xm:wijfj(zj) + 1
j=1
Hpgj(u,2) = — q;(2) + ivﬁgi(ui) +Jj
i=1
where: =1,...,nandj =1,...,m

Obviously, the solution of H(u,z) = 0 is the equilibrium
point of the BAM NN given in (1). Hence, the existence and
the uniqueness of the equilibrium of the BAM NN given in (1)
can be reduced to proving that the map H (u, z) is a homeomor-
phism of R*+™,

Step 1) We prove that H (u, z) is an injective map on R™"*™
by showing that assuming otherwise leads to a con-
tradiction.

We suppose that values (u, z) and (@, Z) exist in
R™™ such that (u,z) # (@,z) while H(u,z) =
H(u,z),s0u—a = (uy — U1, ...,Up —Up) #0
orz—zZ=1(21—Z1,---12m — Zm) £ 0.

Since @) is a nonsingular M-matrix, by Lemma
1, then there exists a positive vector ¥ =
(115 o A1y -5 An)T such that QU > 0,

S0
n
Qj =nm™"pu;b; 65 Z/\i|wij|r>0
m
6 =mn"Nala; " — Zﬂj|vji|r >0 (7
wherez =1,...,nandj =1,...,m.

Since £2; > 0,6; > 0,7 > 1, a; > 0, 3; > 0, and
u—u#Oorz—z;ﬁO we can see that

—Zn ol 6 |lu; — u;|" Zm’"ﬁ’"Q |zj — Z;|" < 0. (8)

Since H(u,z) = H(%u,Z) and p; and g; are differ-
entiable functions, there exist §; € Randn; € R
such that

P — 1)+ 3wl () — (5] =

j—1
—4; (77] + Z Vji 97 uv 91(17'7)] =0.
Furthermore

n
Z rm)\ia;“71|ui — ;" sign (u; — ;)

x4 =pi(&i) (ui +Zwlj fi(z) = fi(z)] p =0
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m
Z rnujb;_1|zj — z;|" " tsign(z; — %)

{ q;(n;)(z +Zvﬂ gi(u;) — gi(u L)]} —0.

Asa; = Clg%pi(@") >0andb; = Clglfzq;((’) >0
p= Z —rm\;a; |u; — a;|"
i=1
m

>

|7‘—1

rmAa; 1 |u; — @

x |fi(z) — fj(zj)|]}

+ Z{—mujbﬂzj -z
=1

>

i=1

|wij]

rpubt 2y — 2|7 il

X |gi(u;) — gv("h)q }

>0. )

Next, we bound the value of the left-hand side of
(9). By Assumption 2, using the extended version of
Young’s inequality, we obtain

n
p < Z{—rm)\iaﬂui — ;"
i—1

_q\r/r—1
)

(a:—1|ui _ ﬂi|r 1

+ ir/\z [T
7=1

+

= | =

(mlwiz|| f;(z5) — fj(zj)l)T] }
+ Z{—Tnujbﬂzj — Zj|r
7j=1
+ Zml [

r/r—1

_ Z_]|T 1)

= | =

+

n
T T — T
< — E n"aj b;|u; — u;
=1

= m" Bz — 7. (10)
i=1

(nlvjillgi(ui) — gi(ui)|)T] }

From (9) and (10), we find that
— ZTLTOAICSA’U,i — ﬂi|r — Zmrﬂ;ﬁﬁzj — 5j|r >0 (11)
i=1 j=1

which contradicts (8), and hence implies that
H(u, z) is an injective map on R"*t™,
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Step 2) We prove that

lim  ||H(u,z2)|| = +oo.
ll(w,2)[| =400

Since w;j, vji, £;(0), g:(0), I;, and J; are constants,

it suffices to show that

lim (. 2)] = 4o
ll(w,2)[|=+oc

where H(u,z) = (Hy(u,z),...
R™™ — R™™ and

Hi(u,2) = — piws) + Y wilf;(2))

’ — f3(0)]
flnﬂ'(u, z) = —q;i(z;)+ Z’Uji[gi(ui) - gi(0)].

In fact, there exist §§ € R and n; € R such that

Z rmAial " fui | Ysign (i) H; (u, 2)

i=1
m
+ Z Tnujb;_1|zj|r_lsign(zj) ntj(u, 2)
j=1
n
= Zrm)\ia:_1|ui|r_lsign(ui)
i=1

X | =pi(& i+ Y wiilfi(z
7j=1

+ Z b 2" tsign(z;)

) = £i(0)]

X [—q;-(ﬂ;f)zj + Z vjilgi(ui) — .%(0)]]

< i{ —mA;a; |“7|T+Z
i=1

r—1 (ar_1|Ui|7,_1)r/r71
i ’

(r — D)Aa] |ui|”

+rA

1
4+ =
r

(mwijl| £ (z;) — fj(O)I)’"H }

+ Z{—nmbﬂzﬂr +3 |- b5 121"
=1

J=1

r—1 r— r_1\7/r—1
+rpg | —— (057 z7)
1 ’!‘
+ —(nvjillgi(us) — g:(0)])
< wragslul - 3 mA Ll
=1 =1
<—e [ luilm+ > Izl (12)
i=1 j=1

>I~{n+m(uvz)) :
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where
€ = min {lrgniléln {n"ajé;},  Lin {m ﬂjﬂj}} .
Clearly, € > 0. Thus

n
> rmAiaf ™ uil " Hi(u, 2)]
=1

+ Zrnﬂqbr 1|Zj|ril|}~[n+j(u7 Z)|

>e Y lwl"+ > |zl - (13)
i=1 j=1
Let
_ r—1 pr—1
Kk = max {1?%)(71 {rmXia]™"}  max {rnujbj } .

Using Holder’s inequality gives

S rmay sl i, )|

i=1

+meb’“ g | 5 (0, )

n m (r—=1)/r
o{ (S + 31
i=1 j=1
n m 1/r
X (Z |Hiu, 2)|" + |Hn+j(u72)|T> }
i=1 =1
n m (r—1)/r
ﬁ{ (Z|ui|r+2|zy’|r> ||H(U7Z)||}-
1=1 Jj=1

(14)

Combining (13) and (14) gives

1/r
1 (u, 2)]| > = (E|u,| +Z|Z1| )

SO

lim H(u,2)|| = +o00
i (s 2]

and, therefore

||(u,z1)1|l\li>+oo ||H (u, 2)|| = +oo.

From Steps 1) and 2) and Lemma 4, the map H (u, z)

is a homeomorphism of R™™_ Thus, the BAM NN

given in (1) has a unique equilibrium point. Let us

denote the unique equilibrium point by (u*, 2*).
Step 3) We now prove that this unique equilibrium point

(u*, z*) is globally exponentially stable.

In order to simplify our proof, using translation

zi(t) = ui(t) — ui and y;(t) = z;(t) — 2}, we
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transform the system given in (1) to the following

system:
() = —ci(zi(t)) + ZMU - Tij))
9i(t) = = dj(y;(1) + Y _vjisi(zi(t —053)) (19
i=1

where

ci(@i(t)) =pi(zi(t) + ui) — pi(u7),

d;i(y;(t) = q;(y; (1) + 25) — 4;(25)

hi(y; (1) = fi(y;(t) + 25) = fi(z5)

si(wi(t)) = gi(wi(t) + ui) — gi(ui)

and
ri(t) = gi(t) = (D) —uf, —T<L<0
yi(t) =;(t) =9j(t) =27, -0 <t<0
Since the transformation is a translation, we only
need to prove that the origin (0, 0) of the transformed
system is globally exponentially stable. We consider
the following Lyapunov function:
V(w(t),y(t) = " Vi((t), y(t))
where
Vi(z Zm/\ a;~ 1|$z O+ Znujbr 1|yj )"
+ZZm)\|wu| / |hj(y;(s))|"ds
=1 j=1 t—7ij
5 Z W™ [ Jsiai(s)7ds

j=1 t—oj;

(16)

where the positive real number 6 will be determined
later.

The upper right Dini-derivative DTV (x(t),y(t))
along the trajectories of the BAM NN given in (15)
are given by

DYV = 0" Vi (x(t), y(t)) + " DTV (w(t), y(1).  (17)
Now
D Vi(z () y(t))
<er)\ a; 1 )t

x | =ailwi(O+ Y lwi b (y; (¢ = 735))]

i=1
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+r2nu]b NZ0]

—bjly; (1) + Z vjillsi(zi(t — 0i))]

=1
+ 303 m Alwyllhs (g ()1
i= 1j 1
_ZZm Ailwig|"hy(y; (¢ = 7))
=1 j=1
30w gl Lsiaa (1) "
j=11i=1
_Zzn pilvgi|"|si(zi(t — o0))|"
7j=1::=1

n

< Z{—rm)\iaﬂ:vi(t)r
i=1
+ ZT/\Z [T
7=1

0 [ M

- m))l)rl}

e — r/r—1
(b w1

S =

+ = (mlwi;||h;(y;(t

+ Z{ rnu]b1|y] "
7j=1
D

+

S|

(nvjillsi (@it — Uji))l)T] }

LI I HOMON

iljl

- sz Ailwiz|"h; (y; (¢

=1 j=1

+ZZ

n
n
j=1:=1
n
n

—7ii)["

m
m
=YDt ulvllsi

=1

" pglvjil " si(zi(8))]"
(

zi(t — 05:))]"

~
=

SO

DY Va(a(t), y(t

{ —m\;al |z (t)|" + g Aim” [wi|" B [y ()" }
Xm:{
j=1

n

=— Z n"af b;|zi(t

||M:
I

—npbily; (O + Z ujn’"lvjil’“aflxi(t)l’"}

=1

Zm"ﬂrﬂ ly; O (8)
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Hence
DTV (x(t),y(t))

Z ﬂm)\iaf_l — nrawi] EAGIE

+ bt Z [Hnujb;-_l — mTﬁ;Qj] ly; ()"

]—1
+069fZZm)\|w”| / $))|"ds
=1 j5=1 Tij
+ HethZnTuﬂvﬁr |si(zi(s))["ds. (19)
j=11i=1 t=oj
Denote

m
r.r r r.r a0
n"ald; + 6 E n'pjlvgi|"of ojie’
i=1

Gz(H) = Hm)\iaf_l -
Fi(0) = Onpb5 " —m"B5Q, +0Y  m" Nifwi;|" B mijem .
=1

Noting that

1hj(y; (8)] < Bjly; (#)]
|si(zi(t))| < cils(t)]

by Lemma 7, we have
V(z(t),y(t)) — V(2(0),y(0))

n t
n'" o ;] / ¥ |z;(s)|"ds
0

< Z [Hm)\ia:_l —
m t
+ Z [Hnujb;_l — mr,@;Qj] / 695|yj(s)|rds
0

i=1
j=

n

1
Zi m"\; |wL]|T/ esds/ v))["dv

+
>

=1 j=1

n t
HZZnTNﬂUjiV/ eesds/ |si(x;(v))|"dv
i—1 i=1 0 s—0j;
n t
< Z [OmA;a] ' —n"als;] /0 %% |zi(s)|"ds
i=1 .

m t
+ Z Qn;ij;*l —m" B5Q;] / e |y;(s)|"ds
J=1 0

n m t
+ HZZm Aiwij|” / |}Lj(yj(v))|rTijee(u+T,j)dv
i=1 j=1 —Tij
T QZZ”TM%I” |Si(x¢(v))|”aﬁee(“+"ji)dv

j=1i=1 —0ji

n t m ot
< G0) [ lards+ 3 F0) [ lors
i=1 0 j=1 0
n m 0
+0 Z Zmr)\i|wij|T

i=1 j=1 —Tij

B lyj(v) " 75?78 dy
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+6ii”Tﬂj|vji|r Poteiig

j=1i=1 —0ji

aj |z (v)|"ojie V.

(20)

Since ©Q; > 0 and §; > 0, F;(0) < 0 and G;(0) <
0. Since F;(#) and G;(f) are monotonic increasing
continuous functions of 6 in [0, +00) and

i, F50)= Jim_Gi(6) = +o0

using the intermediate value theorem of continuous
functions, there exist positive values v; > 0,7 =
1,...,n,and v,4; > 0,5 = 1,...,m, such that
GL(’YZ) = 0,71 = 17"'7”5 and F]'(’yn+]') = 0,
7 =1,...,m. Let

fy = min .
1<k<n+m

Sinceeach v, > 0,thenf; > 0.Noting thatf; < i
fork = 1,...,n + m, we have that G;(61) < 0,
i=1,...,n,and F;(6;) <0,57=1,....,m
Setting 6 to #; in (20) gives

Vi (a(1).y(1)) = Va(2(0), (0)
< 6122% iy | B ||| 72

=1 j=1

+ 003 Y gl el Il ke @)

j=11i=1

Setting £ = 0 in (16) gives

Vi (a( Zm)\ a; ol + ZW]V il
+ Z Zmr/\i|wij|Tﬂ}7||¢||TTij
=1 j5=1
+ ) nuilviil b ol o 22)
j=1i=1

Combining (21) and (22) gives

V(1) y(1) < 7l + T @3)

where 7 = max{n, 72} and 7 and 75 are, respec-
tively, given by

Z Z /”ijr f m" Ailwi;|" BT (1 + 917’1‘]’66”—”)]

1y

I
o

iai ™" 40" szl afogi (14 Br0ie” )]

.MS
NE

14=1

~
Il

Let

. . 1 —1
= min<{ min mM\;a; min nu;b" .
q {1<< iap ", min nu;b;

<i<n
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Clearly, ¢ > 0. From (16), it is clear that

g | @+ D (O | et < e Vi (a(t), y(t))
i=1 j=1
<a([ll” + 7). @4)

It follows that

Lz + Y i < St (gl + gl
i=1 j=1 4
for any t > 0, where w/q > 1 is a constant. This
implies that the solution of (15), at the origin, is
globally exponentially stable.
This completes the proof of Theorem 1. [ |
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