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Abstract

This paper investigates the stability of neutral delay-differential systems with mixed multiple time-varying delay arguments.
Based on the Lyapunov functional method, and the relationship between the system states and the derivatives of these states, we
present a new asymptotical stability criterion and a new robust stability criterion in terms of only one simple linear matrix inequality
(LMI), which guarantees stability for such systems with time-varying delays. This LMI can be easily solved by various convex
optimization algorithms. Two examples are given to illustrate the advantages of the proposed methods over the existing ones.
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Dynamical systems with time delays have been of considerable interest for decades, and in particular stability
analysis of various neutral delay-differential systems has received much attention. A number of delay-independent
sufficient conditions for the asymptotic stability of neutral delay differential systems have been presented by various
researchers [1,6,10,11,14,19]. Also, rather fewer delay-dependent sufficient conditions have been shown in [8,9,20].
However, in each case above, the time delays considered are constant. Han’s stability criterion in [7] is neutral delay-
independent, and is applicable only to systems with a time-varying state delay argument and invariant neutral delay. Park
[18] gave a new delay-dependent stability criterion for neutral differential systems with mixed multiple time-varying
delay arguments, but it is very conservative.

In this paper, we investigate the stability of neutral delay differential systems with multiple time-varying delay
arguments. In order to establish a new delay-dependent criterion for asymptotic stability and robust stability of the
systems, using the Lyapunov method, various slack matrices are introduced to express the relationship between system
states and the derivatives of the system states. Since this criterion is both neutral delay-dependent and discrete delay-
dependent, it is less conservative than existing criteria for neutral differential systems. Stability criteria derived in this
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paper are expressed using linear matrix inequalities (LMIs). We also note that these criteria can be applied under more
relaxed assumptions than those made in previous work. A solution to these LMIs can easily be found using various
optimization algorithms. Numerical examples are given to illustrate the proposed results.

2. Main results

In this paper, we are interested in the following linear system of neutral type with mixed multiple time-varying
delay arguments:

X(1) = Ax(1) + Bix(t — di (1)) + Box(t — da()) + Cri(t — hi (1)) + Cok(r — ha(1)) ey
with the initial condition function

x(0) = ¢(0), VO e [—p,0] @)
where x(f) € R" is the state vector, A, B;, C; are constant real system matrices, d;(t) and ;(¢) are positive time-varying
bounded delays satisfying

0<di(t) <d; . di() < i <1,
{ < di(t) <d; < o0 i) < i < fori =1.2. 3)

0 < hi(t) <h; <oo, hi(t) < pita <1,

¢(0) is a given continuously differentiable function on [—p, 0]. We write d = max(d;, d2), h = max(hy, h2), p =
max(d, h). We assume the system matrix A is a Hurwitz matrix. Using || - || to denote the matrix norm, we assume that
matrices Cq and C; satisfy

Assumption 1. ||Ci] + ||C2]| < 1.

This assumption guarantees that we can apply the Lyapunov—Krasovskii method to the stability of neutral type systems
with time-varying delays [13]—see, e.g., [3].

The goals of this paper are to find criteria for asymptotic stability and robust stability of Eq. (1) using the Lyapunov
method in conjunction with LMI techniques.

For simplicity, in the rest of the paper, in symmetric block matrices or long matrix expressions, we use ‘x’ to
represent some term that is induced by symmetry.

Theorem 1. For given scalars dy, da, hy, ho and p; (i = 1...4), under the assumptions given, the neutral system in
Eq. (1) is asymptotically stable if there exist positive definite matrices P > 0, Q; > 0, Z; > 0, W; > 0, M; > 0, and
R; > Ofori =1, 2 and any appropriately dimensioned matrices Y, L, Tj, N;j,(j =1, ...,7) such that the following
linear matrix inequality (LMI) holds:

(211 212 213 =T1 + G} PCi+GY —Ny +G§ PCo+G] —diYy —doLy —hiTy —hyNy ATS]
x 20 25 L -YI Y& -—-Nn-Y] Y] —dYy —dyL, —T» —hyN, BfS
¥ % 25 -T3—L} —-LT —Ny—LY LT —dY5 —dyLy —mTs —hyN; B1S
ok % Qu4 -5 —-Ny-18  -TF  —a1Yy —dbLy —Ty —haNy 0
¥ ok % * 2ss —N5s 0 —d\Ys —dyLs —hTs —hyNs CTS
* ok sk * * 266 —N7T —d1Yse —daL¢ —hTs —hyNg O
x ok ok * * * 277 —d\Y; —do L7 —hT; —hyN; C3S <0®
* % % * * * * —d\Z, 0 0 0 0
* % % * * * * * —dr 7, 0 0 0
* * * * * * * * * —h W, 0 0
I * * * * * * * —h,W, 0
¥ ok ok * * * * * * * * )
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where 21, =ATP+PA+ Qi+ Q0o+ M+ M+ G +G|;212=PB — Y +G}; Q3= PB,— L + GJ;
Q2n=—(1—p)01—Y,—Y);253=—Lo— Y1233 = —(1 — 12)0> — L3 — LY; Qa4 = —(1 — p3)M; —

Ty — T 255 = —(1 — u3)R1; 266 = —(1 — pa)My — No — NLs 277 = —(1 — p)R2; G = Yi + Li + T; +

N;i; S = Ziz:l[dizi + h;W; + R;].

Proof. Let the Lyapunov functional candidate be

Vi) =Vi+Va+Vs+ Wy (5
where
Vi = xT (1) Px(1), (6)
2 0 t
V=Y / / T (o) Zis(a) dae ds + / xT(s)Qix(s)ds, @)
i=1 —d; Jt+s t—d;(t)
2 0t t
Vs = Z / / V() Wk(e) da ds + / xT(s)M;x(s) ds, (8)
i=1 —hi Jt+s t—h;(t)
2 t
Vi=)" / T (s)R;i(s) ds. )
i=1 t*hi(l)
The time derivative of V along the trajectories of System (1) is given by
V=V1+V2+V3+V4. (10)

From (6) to (9), we have
Vi = 2xT (1) Pi(t) = 2xT () PAx(r) + 2x (t) PB1x(t — d1 (1)) + 2x (1) PBax(t — da(1)) + 2x (1) PC1k(t — h1(2))
+2xT () PCrx(t — ha(1)) (11)

2 t
V=Y dix"(t)Zix(t) - / i1 () Zik(s) ds + xT () Qix(t) — (1 — di()x" (1 — di(1) Qix(1 — di(1))
—d,

i=1 di
< f:dixT<t>Zix(r)— 1 / 0T Zisd0) ds 12T 000
P di(®) Ji—a:0) d

—(1 = diO)xT(t — di()) Qix(t — di(1))

t

2
= Z T nZixn di(®) Ji—a:0)

i=1

+xT (1) Qix(t) — (1 — w)x"(t — di(1)) Qix(t — di(t)) (12)

d,-(z)xT(s)%Z,-x(s)d,-(z) ds

t

hi(t) Ji—n;)

2
Vs <Y hixT () Wik(t) —

hi(t)xT(s)hiWix(s)h i(0)ds + xT()Mx(t)
i=1 i

—(1 = pig2)x" (¢ — hi()Mix(t — hi(2) (13)

2
Va =Y T ORix(t) — [1 — ki1 (¢ = ki) Ri(t — hi(1))
i=1
2
<D T OREW — [1 = g2k (¢ — (@) Rix(t — hi(D)). (14)

i=1
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Adding (11)-(14) gives

Vi 4+ Vo + Vs + Vi < 2xT (1) PAx(2) + 2x (1) PB1x(t — dy (1)) + 2x (1) PBax(t — da(1))
2
+ 2xT (1)) PC1i(t — h1(2)) + 2xT (1) PCax(t — ha(1)) + ZXT(t)[diZi + hW; + Ri1x(1)
i=1
+ xTO1Qi + Milx(1) — (1 — p)x" (t — () Qix(t — di(t)) — (1 — pis2)x" (t — hi(®)Mix(t — hi(?))

t

PN et B())
(I = pig2)x (t = hi(@)Rix(r — hi(1)) di(t) Ji—a,0)

di(r)xT(s%zix(s)d,-(t) ds
o j
i) 1—hi(1)
=x'(O[PA+ AP+ Q1 + Q2 + My + My)x(t)
+ 2xT () PBix(t — dy (1)) + 2x" (1) PBox(t — da(1)) + 2x" (1) PC1(t — h1(1)) + 2x" (£) PCai(t — ha (1))
+ £ (OSx() — (1 = p)x" (¢ — di(0)Q1x(t — dy (1) — (1 — po)x" (t — da(1)) Qox(t — da(t))
— (1= pa)x (¢ = hy(O)Mx(t — by () — (1 — pa)x" (t — ha(D)Max(t — ha (1))
— (1 — s (t = hiO)R1x(t — hi(1) — (1 = ua)x" (¢ — ho(t) Ryi(t — ha (1))

1 t

di(t) Ji—a,0)
t

hi@®) Ji—n @

hi(t)xT(s)%Wix(s)hi(t) ds

t
d; (t)xT(s)dilzlx(s)dl () ds — % o dz(t)xT(a)dizsz(oz)dz(t) da
t

T Lo 1 T
hi(nx (ﬂ)awlx(ﬁ)hl(t) dg — () t_hz(t)hz(t)x (V)EW2X(V)h2(t) dr.

Let

Then

£(t) = [xT (), x"(t — di (1)), X" (t — da (1)), X" (t — h1 (1)), X" (t — Ry (1)), X"t — ha(2)), 7 (t — ha(0))]".

x(t) = Ax(t) + Bix(t — d(t)) + Box(t — da(t)) + C1x(t — h1(t)) + Cox(t — hy(1))
=[A, By, B,0, Cy, 0, C]&(2).

Therefore,

Since

T(Si(t) = ET(1)[A, By, B2,0,C1, 0, C2]TS[A, By, By, 0, C1, 0, C21&(7)

TATSA ATSB, ATSB, 0 ATsc; 0 ATSC, 7
x  BISB, BISB, 0 B{sC; 0 BISC,
* x  BISB, 0 BIsc; 0 BISC,
= £1(r) * * * 0 0 0 0 ().
* * s x CIsc, 0 CTsc,
* * * * * 0 0
* % * * * * CgSCz ]

t

x(t) — x(t — di(0) = / X(s) ds,

1—d (1)

5)

(16)

a7

(18)



267(1)

hence,

267(1)

Similarly, we have

267(1)

267(0)

Y,
Y3
Yy

Ys
Y7

L,
L
L3
Ly
Ls
Le
Ly

T,
T

Ty
Ts
Ts
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Y
Y,
Y3

[x() — x(t — dy ()] — 2£7(r) | Y4

-Y;
-Y,
—Y;3
—Y

— Y6
— Y7

S O O O O o O
S O O O O O O

—L
—L,
—Ls
—Ly
—Ls
—Lg
—Lq

S O O O o o o
S O O O o o o

—Ty
-

—Ty
—Ts
—Ts

S O O O o o O
S O O O o o O

o0 o0 o0 o0 o o SO O O O o o O

S O O O o o O

o oo oo o0 o o o S O O O o o O

S O O O O o O

S O O O o o O

S O O O o o o

S O O O o o O

Ys
Ys
Y7

§(1) -2

£ — 2/

—hi () Ts

t

/t—dz(l)

t
/ x(s)ds =0,
t—d ()

Y
Y,
Y3

t
£ty -2 / o | Ve | syds = 0.
t

—di (1) Ys

Ys
Y7

L
L
L
') | La | i(@)da =0,
Ls
L
Ly

£ | Tu | 2(B)dp =0,

(19)

(20)

21
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Ny
N3
26" (1) | N4
Ns
Ne
N7

S O O O O O O
S O O O O O O
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S O O O O O O

0 —N; 07 _Nl
0 —N>» O N>
0 —N3 O , N3
0 =Ny 01&n—-2 / £ | N4
0 —N5; O t=ha() N5
0 —Ng O Ne
0 —N7 O Ny

x(rydr =0.

Denote G; =Y; +L; + T; + N;fori = 1...7. From Egs. (19)—(22), we have

k
k
(1) *
k
%k
L ES
t
-2 / £ (t)
t—dy ()

t
5 /
t—ha(t)

£T(n)

* —Ly— LY -T3—L}
* * —T4 — Tf
* * *
* * *
* * *
- "Ly
%)
t L3
X(s)ds — 2/ ET(r) | La
t—da (1) LS
L¢
%
x(r)ydr = 0.

[Gi+Gl -"W+Gl —-Li+G} -T\+G}
~Y,-Y] —Ly-Yl -T-Yf

Gs
—Y;F
_L"SF
_TST

0
*

*

—Ni +Gg
—N, — Y]
—N3;— L}
—Ny—TJ
—N5s
—No — N{

t
x(o) do —2/
t—hy(t)

Let n(t, s, a, B,r) = [7 (1), di(x"(5), da()i" (@), h1 (X" (B), ha(1)i" ()]". Thus,

V=Vi+WV+V+V+0

] t t
< / ds / do
d1(O)dr(Dh1(Dh2() Ji—a,0) 1—dr(1)

[

—h (1)

t
dg

GT T

—Y;F
_L"7F
—T7T

_N;F

£L(r)

&(r)

T
p)
T3
1

Ts
17

x(B)dp

nT(t, s, a, B, r).{_Zn(t, s, a, B, r)dr

t—ho (1)

(22)

(23)

(24)
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where
r2u 20 23 —T1 + G ATSC, + PCi + GT —N, + G} ATSC, + PC, +GY -Y,  —L, ~T —Ni T
x Qn 23 -T-Y  BSC,-Y! —-N,-YI  BISC,-YT -Y, -L, -T —N;
x o« 53 —T—L]  BISC,—LY —-Ny—LY  BISC,-LT -Y;  —Lj —T; —N;
ok % Qu4 -1 =Ny —T¢ -T7 -Yy Ly T4 —N,
* % % * Qss —Ns crsc, —Ys —Ls —Ts —Ns
Q= * * =x * * 66 —NT —Ys —Lg —Ts —Ng
* % % * * * Q7 -Y; —L; -I; —N;
ko ok %k * * * * —Z1/d; 0 0 0
* ok % * * * * * —Z5/d, 0 0
* ok % * * * * * * Wi/ h 0
| *  *  x * * * * * * * —Wz/hz_
(25)
and

211 =ATSA+ ATP+ PA+ Q1+ Qs+ My + My + G + G

212 = ATSB, + PB, — Y1 + G3;

213 = ATSBy + PB, — Ly + G3;

20 =B{SBi—(1-p)Q1 - Y2 - Y3;

223 = B{SBy — Ly — Y5

233 = By SBy — (1 — u2)Q2 — L3 — L;

Quu = —(1 = p3)My — Ty — T

255 = C1SC1 — (1 — u3)Ry;

266 = —(1 — ua)My — Ng — N¢;

277 = C35C2 — (1 — pa)Ry;
Gi=Yi+Li+Ti+ N,

It can be seen that V is negative if LMI §2 < 0 holds. Multiplying both sides of this LMI by the matrix
diag(L, I, L I, I, I, I, d1 I, d> I, h11, ha ), and using Schur complement, we find that 2 <0is equivalent to LMI (4).
We will prove that all conditions of Theorem 1.6 in [13] are satisfied. In fact, denote

1/2
0
llx¢ 11w = <IX(t)I + / |(t + 5)|* d8> o lxells = sup |x(r +6)].
—p —p<6<0
For simplicity, the subscript of || - ||5 is usually omitted.
Since x(7 + 6) = x(t) — [, &(t + s)ds for —p < 6 < 0,
0

|x(t + 0)| < |x(1)] +/ |x(t 4 s)| ds.
—p

So

0 2 0 2
llx|I? < <|x<t)|+/ |x<t+s>|ds> sz|x<t>|2+2</ |x<t+s)|ds> :
—p —p
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Using Holder’s inequality gives

0
e 1? < 21x()* + 2p / it + 5)|* ds.
-p

Hence,
I 1% < 201+ p)llc 112,

By simple computation, we have )\min(P)|x(t)|2 < V) £ Amax(P) + 21‘2=1 [o(Amax(Zi) + Amax(Wi)) + Amax(R;) +
2(1 4+ p)(Q; + Mi)]}||xl||2w. The neutral system in Eq. (1) can be given in the following form:

X)) = f(@, x4, %),

where f(t, x;, ;) = Ax(t) + B1x(t — d1(t)) + Box(t — da(t)) + C1x(t — h1(t)) + Crx(t — ha(2)). It is obvious that
f(@0,0) =0and f(z, x;, X;) satisfies a Lipschitz condition on the second argument x,. Now, we prove that f(z, x;, X;)
satisfies a Lipschitz condition on the third argument x; with Lipschitz constant less than 1. For simplicity, denote
f@ o, ¥) = Ap(0) + Bigp(—di(1)) + Bap(—d2(1)) + C1Y(—hi(1)) + C2¥(—ha(1)). Since Assumption 1 holds, i.e.
IC1]l + IC2]l < 1, then, for any ¢, ¥, Y2 € C([—p, 0], R"), we have that

Lf(t @, ¥2) — (1, 9, Y1)l
= [C1Y2(=h1(1) + Coyp2(—h2(2)) — C1Y1(=hi1 (1)) — C2y1(—h2(2))]
< [C1y(=hi (1) = C1yi(=h1 ()] + |Covpo(—ha(1)) — Copri(—ha(D))]
< ICHNY2A=h1 (1) — Y1(—=hi )] + [ C2ll[Y2(—h2(1)) — Y1 (—ha2(D))]
< ICillY2 = ¥l + IC2 Y2 = Yl = AICHT+ 1C2IDIY2 — Yl < Y2 — Yl

So, f(t, x;, ;) satisfies a Lipschitz condition on the third argument &, with Lipschitz constant less than 1. V is negative
if LMI (4) hold. Hence, by Theorem 1.6 in [13], the existence of V > 0 such that V < 0 guarantees asymptotic stability
of neutral system given in Eq. (1). This completes the proof. (|

In the rest of this section, we develop a new robust stability criterion for a neutral system with uncertainties. We
first state a useful lemma.

Lemma 1. From [21]. Given matrices Q = Q", H, E and R = RT > 0 of appropriate dimensions,
Q+HFE+E'FTH" <0

for all F satisfying F'F < R, if and only if there exists some ) > 0 such that
O+ AHHT + 27 'ETRE < 0.

Consider the following uncertain neutral system

2 2
©(1) = (A + AAW)XD) + > _(Bi + ABi(0))x(t — di0)) + Y Cix(t — hi(1)) (26)

i=1 i=1

where x(t), ¢(9), p, A, B;, C;, d;(t), hi(t), d;, hj, wj,fori =1,2and j =1, ..., 4 are defined as in System (1). The
time-varying structured uncertainties are of the form

[AA(1), AB1(1), ABx(1)] = DF(IE, E\, E2], 27

where D, E, E, E; are constant matrices with appropriate dimensions. F(¢) is an unknown and possibly time-varying
real matrix with Lebesgue measurable elements and whose Euclidean norm satisfies

IFOI <1 vz (28)

Theorem 2. For given scalars dy, dz, hy, hy and p; (i =1,2,3,4), and Assumption 1, the neutral system in Eq.
(26) is robustly stable if there exist positive definite matrices P> 0, Q; >0, Z; > 0, W; > 0, M; > 0, R; > 0, for
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i = 1,2 and any appropriately dimensioned matrices Y;, L;, Tj, N; (j = 1...7) such that the following linear matrix

inequality (LMI) holds:

[ 211 Q212 $213 Q214 £215
* £220 23 $04 S5
* % $233 S34 235
s % ok Sg Qus
* * * * f255
* ok ok kK
* ok ok kK
* ok k kK
* ok ok ko k
* ok ok ko k
* ok ok kK
* ok ok ok k
* ok ok ko k

where

—Ni + G} PC, + GY —div,

—Ny — Y6T
—N3— L
—Ny—TF

—Y;r —di1 Y,
~-LT  —diy;
-TF  —d\¥s

0 —d1Ys
—NT  —diYe
27 —divy

* —d1Z

% Xk

% *

% *

* *

% *

—do L1 —I T
—dyLy —h T
—dr Ly —h T3
—do Ly —h Ty
—drLs —hTs
—dy)Le —hTg
—dyL7 —h Ty

0 0
—dr 7> 0

*x —W

* *

* *

* %

201=A"P+PA+ Qi1+ Q2+ M +M+ G+ G| + E"E;
21 = PB — Y, +G) + E"Ey;

A

214 = -T1 + G;;
215 = PCy + G1;

£213=PBy— L1 +G3 + EEy;

20 =—(1—-uNQ1 —Y2— Y] +EJEy;

23 =—Lp — Y; + ElTEz;

200 =T~ Y},
S5 =—Y3;

$234 = -T5 — Lj;
235 = —L3;

45 = —TJ;
§255 = —(1 — u3)Ry;

277 = —(1 — pa)Ry;

Q
[

2

Qa4 = —(1 — )My — Ty — T}

66 = —(1 — ua)My — Ng — N&;

Yi+ Li+T; + Ni

S = ldiZi +hiW; + Ril.

i=1

£33 = —(1 — w2)Q2 — Ly — L} + E; En;

—hyN; ATS PD
—hyN BIS 0
—hyN3 B;FS 0
—hyNg O 0
—hyNs CTS 0
—hyNg O 0
—hyN7 CIS 0
0 0 0
0 0 0
0 0 0
—hoWy 0 0
x* =S STD
* x =1

< 0.

(29)
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Proof. Replace A, By, By in Theorem 1 by A+ DF(t)E, By + DF(t)E|, By + DF(t)E», respectively. If U =
[E Ef E2 00 000000 0,X=[D'P 000000 OO0 0 0 D'S]then LMI
(4) for the uncertain system in Eq. (26) is equivalent to the following condition

[ 211 212 213 =T1 + G} PCi + G —Ni + G} PC, + GY —dY\ —doLy —hiTy —hyNy ATS]
x Q20 23 -Th-Y Y& -—-N-YI Y] —diY» -dbL, —\T» —hoN, BS
x ok 233 -T3—L, —LI —N3—L!} —LT —diY3 —dyL3s —h T35 —haN3 B} S
ok ok Qu -5 —Ny—T}] T}  —d\Yy —doLs —m\Ty —haNs 0
x ox % * 255 —Ns 0 —d\Ys —dyLs —hiTs —hyNs CTS
* ok % * * 266 —N}  —d\Ye —d2L¢ —h1Ts —haNeg 0O
x ok % * * s 277  —diY7 —dyL7 —luT; —haN7 C38
* % % * * * * —-diZy O 0 0 0
* ok % * * * * x  —dyZ, O 0 0
* ok ok * * * * * x  —h W 0 0
* k% * * * * * * * —hoW, 0
* ok ok * * * * * * * * -5
+XTF)U + UTF()X < 0. (30)

By Lemma 1, a necessary and sufficient condition for LMI (30) to hold for the uncertain system in Eq. (26) is that
there exists a A > 0 such that

[ 211 212 213 =T1 + G} PCi + GL —Ni + G} PC, + GY —d\Y\ —doLy —hi Ty —hyNy ATS]
x Q2 2n -Th-Y Y& -N-YY Yl  —diY» -dL, —\T» —hoN> BIS
x o+ 2p3-T3—L) —LT  —N3y—L} —LT —dY3 —dL3s —h\T3 —hyN3 B S
* % x Qu -T5  —N4—T] -Tf  —diY4y —dyLs —\ T4 —haN4y O
* ok % * 255 —Ns 0  —diYs —doLs —Ts —haNs CTS
* k% * * 266 —N7T —d1Ye —doLg —h1Tg —hpNg O
x k% s * * 277  —diY7 —dyL7 —lyT; —haN7 C3S
* ok % * * * * —-diZy O 0 0 0
* % % * * * * x —dyZ, O 0 0
¥ ok ok * * * * * *  —hiWp 0 0
* ok % * * * * % * * —hyWr 0
* ok % * * * * * * * * -S

+17 ' XTx + 20U < 0. (31

Multiplying both sides of LMI (31) by A and replacing matrices AP, A Q;, AZ;, AW;, AM;, AR; fori = 1, 2 and matrices
AYj, AL, ATj,AN;(j =1,...,7)bymatrices P, Q;, Z;, Wi, M;, R; fori = 1, 2and matrices Y;, L ;, T;, N;(j = 1...7),
respectively, and applying Schur complements, we obtain LMI (29), completing our proof of Theorem 2. U

Remark 1. A descriptor model transformation was introduced for analysis of delay-dependent stability of neutral
systems in [2]. Fridman and Shaked [5] extended the results in [2] to the case of systems with time-varying discrete
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delays by finding tighter bounds on the cross terms introduced by Park in [17]. This method produces less conservative
criteria than those in [12]. However, since the basic approach in [5] is based on the substitution of x(¢) — ft: L X(s)ds
for x(¢ — 1), and Park’s inequality for bounding of the cross terms, it does not entirely overcome the conservatism
of the methods given by Park [17]. The stability criteria obtained in [5] are neutral-delay-independent. Furthermore,
these stability criteria can not be applied to neutral systems with time-varying neutral delays. Our paper presents a
new approach to establishing both neutral-delay-dependent and discrete-delay-dependent stability criteria for time-
varying-delay systems basing on the free weighting matrix method without requiring use of Park’s inequality [17] or
Moon’s inequality [16].

Remark 2. Michiels and Vyhlidal [15] studied the stabilization of linear time delay systems of neutral type using
an eigenvalue-based approach. Computing the radius of the essential spectrum of the solution operator of the neutral
equation, they reduced the stabilization problem of the neutral equation to a problem involving only a finite number
of characteristic roots. Stabilization is achieved by shifting the rightmost or unstable characteristic roots to the left
half-plane in a quasi-continuous way. However, this eigenvalue-based approach is limited to systems with constant
neutral and discrete delays. The stability criterion obtained in our paper is suitable for systems with time-varying
neutral and discrete delays.

3. Numerical examples

To illustrate the usefulness of the proposed method, we present the following examples.
Example 1. Consider the time-delay system

x(t) = Ax(t) + Bix(t — di(1)) + Bax(t — da(t)) + Crx(t — h(2)) + Cax(t — ha(1))

-3 -2 1 05 0.1 0 0.1 0.05 0.05 0

1 01’ B = lo.s e Bzzlo 0.1]’ C1= lo.os 0.1]’ szl 0 0.051
and it is assumed that the time derivatives of delays d; (), da(t), h1(¢) and hy(t) are bounded by pu; = 0.3, upy = 0.2,
w3 = 0.3 and ug4 = 0.2, respectively. Solving LMI (4) in Theorem 1 in our paper we obtain a solution with d; = 0.5429,
dr = 0.5429, hy = 0.5429 and hy = 0.5429. The maximum allowable bound p guaranteeing asymptotic stability of
this system is 0.5429.

Note that the criteria of Chen [1] and Hui and Hu [11] are not applicable to this system even were it to have time-
invariant delay. Also, since the criterion of Park and Won [20] is not satisfied, their method cannot decide whether
this system is stable or not. However, in [18], Park established delay-independent and delay-dependent criteria for
asymptotic stability of the system in Eq. (1), and used the former criterion to prove the system in this example is
asymptotically stable, i.e. it has a maximum allowable delay bound p of 4+o0c0. He did not investigate the asymptotic
stability of this system using his delay-dependent asymptotic stability criterion.

Our delay-dependent stability criterion can also be used to investigate the asymptotic stability of this system.
Generally speaking, delay-independent criteria are more conservative than delay-dependent criteria when the delay
is small. However, it should be noted that the maximum allowable delay bound p we give above for this system is
more conservative than that obtained in [18] since the system is asymptotically stable for infinite delays d;(t) = h;(t) =
400,i =1, 2. In fact, the sufficient asymptotic stability condition in our paper is more conservative than the delay-
independent criterion in Theorem 1 in [18] when we analyze the stability of the above system with large delays. In
such cases, some conservatism of our sufficient condition results from replacements of d;(¢) by d; (see, for example,
the second part of Inequality (12)) and from replacements of 4;(¢) by k; (see, for example, Inequality (13)) when we
compute the time derivative of the Lyapunov functional V.

where

A=

Remark 3. If we set d1(f) = 0.55sin(0.6¢), d>(¢) = 0.4 sin(0.5¢) which ensure that the time derivatives of delays d; ()
and d»(t) are bounded by u; = 0.3, up = 0.2, respectively in Example 1, and if the time derivatives of delays A ()
and h;(¢) are bounded by 3 = 0.3 and uq = 0.2,, respectively, iteratively solving the LMI (4) in Theorem 1 gives a
maximum allowable upper bound of neutral delay for 41(¢) of 41 = 0.3156, and a maximum allowable upper bound
hy for neutral delay /;(f) of more than 10,000. In fact, the actual maximum allowable upper bound for £5(¢) is +oo.
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Example 2. Consider the following system

-2 1
0 -2

01

0.1 —0.05
Lo | X —dio)+

(1) = 005 0.1 ]x(t_dzm)

x(1) +

0 0.2
02 0 Xt —h1(t) +

* 0 0.1

X(t — ha(1))

in which it is assumed that the time derivatives of delay d; (), d>(¢), h1(¢) and h,(¢) are bounded by ;1 = 0.4, up = 0.4,
n3 = 0.3 and 4 = 0.3, respectively. We can compute the maximum allowable bound p for guaranteeing asymptotic
stability of the above system by iteratively solving LMI (4), giving p = 4.98. This implies the system is stable for time
delays d(t) < 4.98, dx(t) < 4.98, hi(t) <4.98 and hy(r) < 4.98 with the given u;. However, the delay-dependent
stability criterion in [18] provides a maximum allowable bound p = 1.07 for this system to be asymptotically stable.
This example shows that the stability criterion in this paper gives much less conservative results than the one in Park
[18].

Remark 4. If we set di(r) = 5 sin(0.08¢), da(t) = 8 sin(0.05¢) which ensure that the time derivatives of delays d;(¢)
and da(¢) are bounded by 1 = 0.4, up = 0.4, respectively, and if the upper bounds of the derivatives of delays h ()
and ho(t) are u3 = 0.3, ug4 = 0.3, respectively, in Example 2, iteratively solving the LMI (4) in Theorem 2 gives a
maximum allowable upper bound of neutral delay for 21(¢) of k1 = 4.98, and a maximum allowable upper bound />
for neutral delay h,(¢) is more than 10,000. Again, the actual maximum allowable upper bound for (%) is 4-c0.

Remark 5. In Example 2, when the time derivatives of delay d| (¢), da(), k1 (¢) and hy(¢) are bounded by ) = 0.4, pup =
0.4, u3 = 0.3 and pu4 = 0.3, respectively, Park [18] obtained the maximum allowable bound p = 1.07 such that this
system is asymptotically stable. However, the maximum allowable bound p for guaranteeing asymptotic stability of the
above system using our Theorem 1 is p = 4.98. Let us consider the influence of the free weighting matrices in Theorem
1 for this particular case, i.e. u; =04, up =04, u3 =03 and ua =03. If weset Y1 =Y =Y3=Ys=Ys =
Ys=Y;=Li=Ly=L3=Lys=Ls=Lg=L7=N| =Ny=N3=N4=N5=Ng=N7=Ts=0weobtaina
solution to Inequality (4) giving a maximum allowable bound p = 4.98. The free weighting matrices 11, 73, T4, T5,
T5 lead to the improvement over the result in Park [18]. In fact,

e [f 77 = OinInequality (4), then the maximum allowable bound p guaranteeing the asymptotic stability of the system
given in Example 2 decreases from p = 4.98 to 4.74.

If 77 = T3 = 0 in Inequality (4), then the maximum allowable bound p = 4.37.

If T; = T3 = T5 = 0 in Inequality (4), then the maximum allowable bound p = 3.51.

If 77 = T3 = Ts = T4 = 0 in Inequality (4), then the maximum allowable bound p = 2.36.

If 77 = 0 in Inequality (4), then the maximum allowable bound decreases from p = 4.98 to 3.57.

Thus, the free weighting matrices 71, 73, T4, T5 and 77 in Theorem 1 clearly contribute to the improvement in the
maximum allowable bound p for guaranteeing asymptotic stability of the system given in Example 2.

4. Conclusion

The stability of a class of linear neutral systems with mixed multiple time-varying delay arguments has been
investigated. New stability criteria have been obtained which are applicable to linear neutral systems. Numerical
examples have shown that the results derived using this new criterion significantly improve the stability bounds
compared to existing results in the literature.
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